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^^ ■ Abstract. In lOZI . Zhu and the present author proved that for a generic 

choice of tame almost complex structures J on a symplectic manifold (Af^", oj) 
with its first Chern class ci = 0, any somewhere injective J-holomorphic maps 
j^ , ((S, j),u) in M arc Fredholm regular and embedded for any closed surface S 

of any genus. 

In this paper we prove that when n = 3 and ci(M) = all such J- 
holomorphic embedded curves arc super-rigid for a generic choice of J: the 
normal linearizations of them and of all their multiple covers have trivial ker- 
"►^ 1 nel. We also prove that there are only finitely many embedded J-holomorphic 

^vj ' curves for each given homology class and given genus of the domain. In partic- 

ular, we give the definition of integer counting invariants of embedded curves 
and derive a formula for their multiple cover contribution for such a choice 
of J. As a consequence, we prove a conjecture by Cox and Katz in all genus, 
which was originally stated in Conjecture 7.4.5 |CK] only for the genus zero 
^^ ' case. A priori, this invariant may depend on the choice of J and exhibit a 

(_P wall-crossing phenomenon as suggested in IGVI . IKSI . and is believed to be 

OO , the same as Gopakumar-Vafa's BPS counting invariants |Kon| . 

o 



Contents 

1. Introduction 

2. Review of normal c^-operator d^, 

3. Multi-sections of normal bundle 

4. Off-shell setting of linearization of di, 

5. Degeneration to multiple covering with smooth domain 

6. Degeneration to multiple covering with singular domain 

7. Calculation of 0-variations 

8. Framework for one-jet transversality of multiple covers 

9. Analysis of the curvature of Nc; 2-jet transversality 

10. Initial step of the induction 



2 
9 

n 

13 

17 

18 
24 
28 
3C 
34 



Date: June 15, 2010 (revised). 

Key words and phrases. Calabi-Yau threefolds, embedded J-holomorphic curves, normal d- 
operator, super-rigidity, Gopakumar-Vafa BPS count. 

The author is partially supported by the NSF grant #DMS 0904197. 

1 



YONG-GEUN OH 

11. JIg^^l) is open 

12. Deforming normal bundle via 5 J to make it fat 

13. ■^{GKL) is dense 

14. Embedded eount and multiple cover eontribution 
References 



1. Introduction 

Let (M^", w) be a symplectic manifold of dimension 2n. We denote by J an 
almost complex structure compatible with lj and by J'^ ~ J7L;(M) the set of com- 
patible almost complex structures on M. Let S = Sg be a closed compact surface 
of genus g. We denote by j an almost complex structure on S and denote the set 
of almost complex structures on E by 

^(E) = {j e EndK(rE) I f = ^td} 

and by A4g = A^(Sg) its quotient by Dif f{Tjg) i.e., the moduli space of complex 
structures on E. We call a pair ((E,j),w) a J-holomorphic map if u is {j,J)- 
holomorphic, i.e., if it satisfies 

J o du = duo j. 

We define the non-linear Cauchy-Ricmann operator dj by the assignment 

dj : 0',w) ^di^jj)U 

where i9(j.j) is defined by 

-^ du + J o du o j 
%J)"= 2 ■ 

Recent development in the Gromov-Witten theory in relation to the integrality 
conjecture of the Gopakumar-Vafa BPS count |GV| unravels necessity of the count 
of embedded curves and of finer structure theorem on the image of J-holomorphic 
curves [P], jKonj . In this regard, the following results are proved by Zhu and the 
present author in |OZj . 



Theorem 1.1 (Embeddedness, jOZj ). Suppose ci(Af,w) = 0. Let (E, j) be a closed 
Riemann surface of genus g. Then there exists a dense subset J7'^»°''"' q Jui such 
that for J € j;^°'^''\ the following holds : 

(1) all somewhere injective J-holomorphic map u : (E, j) — > {AI,J) are Fred- 
holm regular and embedded for any compact Riemann surface (E,j). 

(2) when n > 3 no two somewhere injective J-holomorphic curves intersect 
unless the two curves have the same images. 

In fact, the proof in |OZj implies that the same is true for all A4g{J,l3) as long 
as ci(Af)(/3) = even when ci(M) ^ 0. 

We denote by Ai™^ (M, J; /3) the moduli space of somewhere injective J-holomorphic 
maps. 

Combining this theorem with standard dimension counting argument, they also 
prove 
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Theorem 1.2 (Structure of stable maps, }OZj ). Suppose n ^ 3 in addition. There 
exists a subset J G J^°'^°'^ c J^'^^ which is dense in J^ such that for any J e 
jnodai ^/jg following hold: 

(1) it is either smooth and embedded or 

(2) it has smooth domain and factors through the composition 

M = w' o : S ^ C ^ A/ 

for some embedding u' : C ^ M and ramified covering (/) : S — > C or 

(3) it is a stable map of the type such that all of its irreducible components have 
the same locus of images C C M and are ramified over C , except those of 
constant components. 

The latter two cases above can occur only when /3 is of the form {3 ~ dj with 
d> 2 for some other 7 S H2{M). 

Remark 1.3. (1) In general these subsets are not open in J7L; and hence does 

not carry manifold structure themselves. However J'^°'^'^'- or J7^'"^ con- 
structed in |0Z| is a countable intersection of dense open subsets of Juj 
and we can always first work on those open subsets and then take the 
intersection. To be consistent with the later enumeration of ordered sets 
of (G, K) G N^ controlling the genus < g < G of the domain and the 
homology classes /3 £ H2{M) satisfying w(/3) < K, we write 

rrnodal (~\ rrnodal 

^LO ~ I I ^{G,K) 

where JIq'^^\ C J^^ is open and dense. Similar discussion applies to J^"^^ 
and write 

rremh f^ rremh 

>^a; — I I ^{G,K) 

(G,/-f)GN2 

SO that J^q'^^I C J(^q\^\- These are dense but still may not be open in J^ 
due to the possible degeneration of domain complex structures. 
(2) Considering JT^'^j is inevitable also to avoid simultaneous dealing with 
infinite number of bubbling degenerations and multicovering degenerations. 
Working with the moduli spaces with Q < g < G and a;(/3) < K enables us 
to always deal with a finite number of cases for each given (G, K). It turns 
out that we need to introduce another parameter L for each given (G, K) 
to avoid degeneration of domain complex structure or of branched covering 
maps : S — > G to make our scheme work. See sections [ini HH for the 
explanation of this choice L. 



Theorem 11.11 motivated us to exploit embeddcdness of J-holomorphic curves in 
the study of Gromov-Witten theory on Calabi-Yau threefolds and its relation to 
Gopakumar-Vafa formula jGVj (See jBPll IBP2| for a nice formulation of a precise 
conjecture and background materials.) 

In this regard, the first main theorem is to prove finiteness of such embedded 
curves for each given genus and homology class of the curves. With the above 
two structure theorems in our hand, there are two major degenerations of embed- 
ded curves to study; one is the bubbling degeneration and the other multi- covering 
degeneration. The parameters (G, K) partially control these two degenerations. 
On the other hand there is another possible degeneration of branched coverings 
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: E — > C which is degeneration of complex structures of the domain (S, j). The 
above mentioned parameter L is related to this degeneration. 

One construction that exploits embeddedness (or immersedness) in the study 
of pseudo-holomorphic curves is construction of normal 9-operator introduced and 
studied by Gromov [G] . This construction uses embeddedness of pseudo-holomorphic 
curves in an essential way. It considers the normal part of 9-operator of such a curve, 
denoted by 9^, and explains how the space of un-parameterized holomorphic curves 
near given C can be identified locally with the zero set of 9^. This construction 
was further explained in |HLS| . In this paper, we use the normal 9-operator and 
its generalization to smooth maps into the image loci of J-holomorphic embedded 
curves in a crucial way. 

For any given pair (J, C) where C is an embedded J-holomorphic curve, we 
associate a Fredholm operator 

L{J,C) = Dd, : n^'iNc) -^ n<-"'^\Nc) 

by linearizing 9^ where Nc = TM\c/TC is the normal bundle of C with complex 
structure i = i(j,c) induced by J\nc • We note that the pair {J,C) with C a J- 
holomorphic curve induces a holomorphic structure on the normal bundle Nc ■ This 
is because C is a real two dimensional surface on which obstruction to integrability 
of a complex structure on the complex vector bundle Nc — )■ C vanishes. We denote 
the associated holomorphic structure by i = iij^c)- 

We also want to study contributions by multiple coverings to the Gromov- Witten 
invariants. For this study, we need to study the super- rigidity in the sense of 
}BPH IBP2] . For this purpose, we extend the above mentioned normal operator 
for any smooth map : S ^- C C M with smooth domain for each embedded 
J-holomorphic curve C . It turns out that this study is also crucial in our proof of 
finiteness of embedded curves in a given class and for given genus. 

For any given such a quadruple (j, 0; J, C) where C is embedded J-holomorphic 
curve and : S — >■ C a smooth map, we associate a Fredholm operator 

*(j,(/); J,C) = Dsd, : r!°(0*7V) ^ Q.^'^'^^cj,* N) 

where N = Nc is the normal bundle of C with complex structure i = i(,j,c) 3'iid 
(j)* N equipped with the pull-back complex structure (jfi. 

Definition 1.4. Let C C M be a connected unparameterized embedded J-holomorphic 
curve of genus g. We say that C is (d, /i)-rigid with respect to J if L = ^^(j, (f)\ J, C) 
has no kernel for any holomorphic : S — > C of genus g-^ ~ g + h and degree d. 
We say C is super-rigid with respect to J if it is (d, /i)-rigid for any (d, h). 

The following local perturbation theorem is a crucial ingredient in the proofs of 
global super-rigidity and finiteness results in this paper. 

Theorem 1.5 (Local super- rigidity). Let (M, w) be any symplectic manifold and 
J be a compatible almost complex structure. Suppose that C — Imuo is an iso- 
lated embedded J-holomorphic curve mq : Sq — > M with ci{M){[C]) = which is 
Fredholm-regular with respect to J. Then for any given neighborhood V(J) of J in 
Ju], there exists J' € V( J) satisfying J'TC = TC with respect to which C becomes 
super-rigid. 

The proof of this local perturbation result relies on deformations of the normal 
bundle of C and its complex structures via the deformation of ambient almost 
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complex structure J. In particular, a precise formula for the second derivative of 
the normal d operator along C and its unexpected relationship to the curvature 
property of the normal bundle. (See Corollary 18.41 ) We also obtain an explicit 
rigidity criterion in terms of the curvature property of the normal bundle (p* Nc- 
It roughly states that the curvature, or more precisely its (0, l)-component, of the 
normal bundle is 'fat' at an infinite number of points in E, then (j, (/>; J, C) is rigid. 
This seems to have some independent interest in relation to the stability criterion. 
(See Theorem [nH) 

From now on, we assume n — i and ci — Q unless otherwise said explicitly. 

If J G J^™^ ; it is an immediate consequence of Theorem 11.1 1 that the unparame- 
terized curve C associated to any embedded J-holomorphic curve u with any genus 
g is (l,0)-rigid. This is because A^q™''(A'/, J; /3) has virtual dimension zero for all 
g and so diniKerD9j(u) = dimCokerZ?9j(w) and hence Fredholm regularity of u 
also implies the rigidity. 

The following rigidity theorem is one of the key ingredients of our finiteness 
theorem of embedded counting. We recall that a Baire set in a complete metric 
space is any subset of second category, i.e., a countable intersection of open dense 
subsets. 

Theorem 1.6 (Super-rigidity). There exists a subset J^^a^d- (^ J^™^ c jTw which is 
Baire in J^j and such that for J G J"^^'^ , all somewhere injective (and so embedded) 
J-holomorphic curves are super-rigid. 

This kind of (perturbation) rigidity would be a delicate question to study in 
the algebraic category. For example, Bryan and Pandharipande constructed an 
embedded holomorphic curve of genus 3 that is not {h, 4)-rigid for a suitable h 
and hence not super-rigid |BP2j . But super-rigidity has been expected to hold 
in the more flexible category of almost complex manifolds (see jBPlj for such an 
expectation.) 

Combining these theorems with a re-scaling argument similar to the one used by 
lonel and Parker |IP1| . we also prove the following finiteness result 

Theorem 1.7 (Finiteness). For any J e J"^^"^ we have only a finite number of 
somewhere injective (and so embedded) J-holomorphic curves of genus g in class j3 
for any given /3 and g (modulo reparametrization for the case of g = 0, 1). 

As we mentioned above, the (1, 0)-rigidity (for all genus g) is an consequence 
of the Fredholm regularity of the corresponding embedded curves because of the 
condition ci = and n = 3. However for the multiple covers, Fredholm regularity 
and rigidity are quite independent of each other and the standard proof in [PI], 
[M] for the generic transversality is irrelevant to the rigidity question for multiple 
covers. Recall that Fredholm regularity for the negative multiple cover cannot be 
achieved in general by a perturbation of J alone, which is precisely reason why the 
Kuranishi structure and virtual fundamental technique has been developed. 

The proof of Theorem 11.61 uses the idea of studying 1-jet transversality of J- 
holomorphic curves which appears in |IPlj . However our setting is very different 
from the type used in [IPlj . because the above rigidity question concerns property 
of multiple covered genuine J-holomorphic maps, not that of solutions of inho- 
mogeneous J-holomorphic equations as used in |IP1| , |RTj . Our proof uses some 
carefully formulated off-shell Fredholm set-up, involves a key geometric calculations 
leading to a precise formula on the second derivatives of d^. 
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And then transvcrsality analysis of this second derivative involves another 2-jet 
transversality result along SJ for the above mentioned 1-jet transversality along Scf) 
in which we use an analysis of the curvature of the Hermitian connection of the 
normal bundle Nc- (see Proposition l7.2l and Proposition 19. ip . 

The operator \E'(j, (j>; J, C) has the form d+a where d = d(^j,^.j,c) is the Dolbeault 
operator of the holomorphic vector bundle ((p* Nc, 4>*i) with i = i(j,c) the complex 
structure on Nc induced by J and a is a real zero-order operator contained in 
r2'^°'^^((/)* EndR(iVc)). Considering the spectral flow along a path from L{J,C) to 
d, wc can assign a sign e{J,C) € {+1, —1} to each such embedded curve and so we 
define 

n^(J)= ^ e{J,C) (1.1) 

where A4^"^^{M, J; (3) is the set of embedded J- holomorphic curves in class (3 with 
genus g for J e J'^"''. 

Question 1.8. Are the integers ni invariant under the change of J? More precisely 
do we have 

for Ji, J2 6 J'r^gid pj. jg ^}j^gj.g g^j^y wall-crossing phenomenon? 

We denote by Mg+hiC;d[C]) the set of pairs ((I],j),(/i) with <p : (E,j) -^ 
(C*, J(j.c)) being holomorphic and Mg^hiC',d[C]) its stable map compactification. 
Theorem [L6l implies Ker*(j,(^; J,C) = for ah £ Mg+h{C;d[C]) and for ah 
g, h, d and hence the virtual bundle 

Index ^(j, 0; J, C) = Ker *(j, 0; J, C) - Coker *(j, </>; J, C) 

defines a genuine real vector bundle over Mg+h{C\ d[C]) with its rank the same as 
the dimension of il/g+;i(C; (i[C]) (in the sense of Kuranishi space jFO| ) . The bundle 

Cokcr *(•; J, C) ^ Mg+h{C; d[C]) 

is the obstruction bundle of a Kuranishi neighborhood AIg+h{C; d[C]) in Aig+h{M, J; [3) 
[F0| at the multiple covering : E — >• C C M. 

We denote the Euler class of the bundle by E{'^{j, cj); J, C)) and its evaluation 
over the virtual fundamental cycle [Mg-)_ft(C; (i[C] )]"*''* by the rational number 



egih,d;iJ,C)):^ _ E{^{--J,C)). (1.2) 

i[Afg+„(C;d[C])]""-' 

Then we have the following structure theorem of Gromov-Witten invariant Nn{M) 
defined by Ruan and Tian |RTj 



Theorem 1.9. Let J e J'j;*^'^. For any (3 e i?2(M, Z) and g e Z, we have 

^|W = E E f E eg^^{h,d;{J,C))y (1.3) 

In particular, Theorem 11.11 II. 7] and 11.91 specialized to the genus zero case imply 
Conjecture 7.4.5 fCK] . 
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The above definition (|1.2|) oieg{h, d; (J, C)) is the real analog to the local Gromov- 
Wittcn invariants defined by Pandharipande [P] and Bryan-Pandharipande |BP1] 

Cg{h,d;C<zM)^ [_ c{R\,(j)*{Nc)). 

i[A/g+h(C;d[C])]"-* 

Question 1.10. Suppose J € J"^^"^ . Is the number eg{h,d;{J,C)) independent 
of (J, C) but docs it depend only on g, h and d? 

We remark that if the answer to this question is affirmative, (|1.3p would imply 
the identity 

N'piM) = ^ Y. ^l- ^'9-hiKd; (J,C)) 

h=Q I3=d-f,d>l 



which is close to the form suggested in |GV| . In this regard, it is expected that the 
integer invariant rig is closely related to the EPS count introduced therein. 

We refer readers to section [U for further discussion on the structure of Gromov- 
Witten invariants. 

Many of the argument used in [0Z| and in this paper immediately generalize to 
the embedded count for the case of Fano with constraints at marked points. We 
will come back to this study and others in a sequel to the present paper. 

Now organization of the contents of the paper is in order. In section [2l we give 
a review of normal 9-opcrator introduced by Gromov. We partially follow and re- 
fine the exposition presented in |HLSj . In section [3l we study multi-sections of the 
normal bundle of embedded J-holomorphic curves and introduce a decomposition 
of dj into the horizontal and vertical parts. In sectional we provide the functional 
analytic setting of study of the linearization of normal 9-operator and derive a 
precise formula of the linearization operator denoted by '^{j, 4>; J, C). In section [5] 
andini we prove a theorem which states that whenever a degeneration of embedded 
curves either into a multiple curve or a singular stable map, there exists an em- 
bedded curve C among the irreducible components of the limit map whose normal 
linearization has non-trivial kernel. In section [71 [51 we derive a precise formula 
of the derivative {D^'^){j, (f); J, C), of the linearization operator ^(j, 0; J, C). This 
formula is one of the essential ingredients in our proof for the 1-jet transvcrsality 
along 6(j) which in turn depends on partial 2-jet transvcrsality along 6 J. In section 
m we study this 2-jet transversality by studying curvature variation of the normal 
bundle under the deformation of almost complex structure J satisfying JTC = TC 
(with another additional condition 5j^j = 0). In section [TOl - 113[ we wrap-up our 
proof of the super-rigidity and finiteness of embedded J-holomorphic curves. We 
first prove that the rigidity and the finiteness hold at each finite stage of the area 
and the genus of the embedded curves and the degrees of their multiple covers for 
an open and dense subset JIq^j^.i^\ C Ju) and then take their intersection to define 

the required J"^'^'^ . In section [Ml we give the precise definitions of counting of em- 
bedded curves and their multiple cover contributions and prove the main structure 
theorem Theorem 1 1.91 of Gromov- Witten invariant. 

Finally we would like to comment on the improvements achieved in this version 
when compared to the original version that had appeared in the arXiv [02] and 
subsequently withdrawn. The main ideas used in the version |02j considering the 
normal linearized operator combined with an explicit calculation of its linearization 
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and studying the curvature of the associated normal bundle to the embedded J- 
holomorphic curves still turns out to be a correct scheme of the proof. In hindsight, 
although the present author was not successful in his attempt at the time of writing 
[02] , the main thrust of the ideas underlying in j02| was attempting to prove the 
kind of transversality statement presented here in Proposition 113.21 

Besides the precise transversality statement mentioned above, there are two ma- 
jor improvements in this paper: one is our derivation of the correct explicit formula 
for the linearization {D^'^){j, cj); J, C) fProDOsition l9.ip of the normal linearized op- 
erator. In |02| . there are many inaccuracies in our computations largely due to our 
confusing notations. In the present version, we made our notations straight and 
carried out this calculations in a much more transparent and precise way. The sec- 
ond improvement is the replacement of our complicated induction argument used 
in [02] by the step-by-step induction according to the order of (G, K\ L) given 
in section 11011131 This replacement is partially motivated by a proof of generic 
nondegeneracy of multiple Reeb orbits in contact geometry presented by Albers, 
Bramham and Wendl in Appendix of jABW] . The structure of their step- by-step 
induction is very similar to the one presented in this paper although they apply the 
induction scheme in a much simpler context of ODE. More specifically, inclusion of 
the condition (4) in Definition 110.21 is motivated by a similar condition imposed in 
their proof. 

Finally we would like to point out that the analogs to the results from |0Z| and 
the present paper are expected to hold in the open string context with (Calabi- 
Yau) Lagrangian D-branes. One nontrivial issue to be resolved before heading 
such results is to understand the structure of non-simple (pseudo)-holomorphic 
maps for the higher genus case. The relevant structure theorem for the genus 
case was obtained in |KwO| . Even for the genus case, the structure theorem of 
non-simple bordered holomorphic curves with Lagrangian (or more generally totally 
real) boundary condition is much more complicated than that of closed holomorphic 
curves. One also needs to understand how such a structure theorem can be utilized 
to prove the relevant rigidity and finiteness results for the open string case. We 
hope to investigate this in a near future. 

We work mostly with C°° function spaces. As usual one should complete various 
spaces of smooth sections appearing in this paper by a suitable W^'^-iiorvas. Since 
we work directly with C°° function spaces, it would be most straightforward to use 
the norm Floer used in [Fl] for the space of almost complex structures. Because 
we mostly deal with embedded curves, one could also work with C'^-norms first and 
then derive the generic transversality result for the C°° case by carrying out an 
induction over (G, K) € N^ that is similar to the kind of argument used in the 
present paper. See also Appendix of |ABW| for the relevant argument used in the 
proof for the transversality result for the closed Reeb orbits for a generic choice of 
G°° contact forms. Since this process is more or less straightforward, we will not 
mention them from now on unless it is absolutely necessary. We refer readers to 
[FI] . [M] . |0Z| . |03j for some detailed discussions on the related issues. 

We thank Rahul Pandharipande for his interest on this work and some useful 
enlightening discussion we had 2 years ago on super-rigidity in the algebraic con- 
text and on the counter examples in the reference [BP2j in the beginning stage of 
the current work. We also thank Eleny lonel, Tom Parker and Junho Lee for their 
meticulous reading of and pointing out some errors in the previous arXiv version 
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J2] of the present paper. We also thank Chris Wcndl for a useful e-mail correspon- 
dence in which he explained to the author their proof of generic nondegcneracy of 
multiple Reeb orbits in jABWj . 

2. Review of normal 9-operator d,y 

Let (M, w, J) be a given almost Kahler manifold. 

When a J-holomorphic curve is embedded, denote by C C A/ its image. Gromov 
[G] considers the normal part of 9-operator of such a curve, denoted by 9i/, explains 
how the space of un-parameterized holomorphic curves near C can be identified 
locally with the zero set of d^. This construction was further expounded in IHLSj 
which we will follow with some changes and clarifications in our exposition of this 
section. 

Let C be an embedded un-parameterized J-holomorphic curve. We consider the 
normal bundle 

Nc = TcM/TC, TTc-.Nc-^C 

This normal bundle carries the structure of holomorphic vector bundle : each fiber 
Nx, X £ C is isomorphic to T^M/T^C and T^C C T^M is a complex subspace. 
Obviously this complex multiplication on N^ changes smoothly as x varies over 
C. Then since C is a two dimensional surface, this complex structure A'^ — ^ C is 
integrable which makes iV to be a holomorphic vector bundle of rank n — 1. We 
denote by i = i{j,c) the induced complex structure on TV and by d the associated 
the Dolbeault operator acting on the space rt'^{Nc) = T{Nc) of sections of Nc- 

By the tubular neighborhood theorem, we can identify a neighborhood U C M 
of C with that of the zero section in N (as a differentiablc manifold). Using the 
almost Kahler metric g = uj(-, J-), we fix an identification once and for all denote 
it by 

exp:VcNc^UcM 
and the projection TV — > C by tt. By re-scaling the metric, we may assume 

DiiNc)(lV (2.1) 

where Di{Nc) is the unit disc bundle of Nc- We will often identify V and U and 
regard U as a, subset of Nc equipped with the Hermitian metric of i{j.c)- 

Every real surface which is C^-closc to C can be seen as the graph of a C^- 
small section ip £ ilP{Nc)- From now on, restricting ourselves to the tubular 
neighborhood, we identify M with N- 

We fix a Hermitian metric, denoted by h, induced from g and its associated 
canonical (or Chern) connection V on the (holomorphic) vector bundle it : N ^ C- 
We recall that we have d = V^°'^^ for such a connection. We consider the induced 
splitting 

T„iV = HT,,N ® VT^N ^ r^(„)C ® iV^(„). (2.2) 

We can define the associated complex structure on the total space N as a manifold, 
which by definition can be written as 

with respect this splitting. We note 

J = Jo on TM\c = TN\c- (2.3) 
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And on a small neighborhood U of C, we can write 

J(n) ==$(?!)- Vo(n)$(n) 

where <i>(n) is an automorphism of TnN. With respect to the above decomposition, 
we can write 

*(») = (t) '(")) '"' 

where 

a{n) e EndR(r^(„)C), /3(n) e HomK(W^(„),r^(„)C) 

7(71) e HomK(T^(„)C,iV^(„)), (5(7i) e EndR(iV^(„))). 

We may also choose the map n i—> $(n) to be smooth, and satisfy 

$|c = Jd (2.5) 

by (USD. 

In particular when a section y? e r(7Vc) = ri"(A^c') is given a{ip), I3{(p), j{(p) and 
5{(p) define sections of the corresponding vector bundles: for example, ^{(p) defines 
an element T (HomR (TC, A^c)) = ^^{Nc) by 

j{(p){z) ■=j{if{z)) 

for z £ C. If we denote by C = C^ the graph of (p, then we have TC = graph(V<y9) 
and 

$(TC) - {{a{ip) + p{ip)Vip) ■ V, (7M + S{ip)\/{cp)) ■v)\ve TC}. 

The following lemma is proved in |HLS| . 

Lemma 2.1. The fallowings are equivalent: 

(1) C is a J -holomorphic curve. 

(2) ^{TC) is Jg-invariant. 

(3) P(ip) is i-linear. 

We note that on the zero section onc = C oi N we have a = id and /? = 0. 
Therefore ii (p £ il'^{Nc) is C^-small, the matrix 

ai^){z) + /3((^)(z)Vv?(z) : T,C ^ T,C 

is invertible and hence $(rC) = graph {P{if)) where P{ip) : TC — > A^ is defined 
by 

P(^) = (tIv') + <5(v5)V^)(a(^) + /3(^)V^)-\ (2.6) 

Now we give the definition of dy. It goes from an open subset U C il"(A"c) 
containing the zero section to QS^'^\C\ N), and is given by 

d,{^)^{P{^)+toP{^)oj)/2; U^n^"^^\Nc). (2.7) 

Then holomorphic curves which arc C^-close to C are in one-to-one correspondence 
with (a^)"HO) [G|, [HLS] , 
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3. Multi-sections of normal bundle 

In this section, we will modify construction of the normal (9-operator in the pre- 
vious section for the multi- sections of the normal bundle in relation to the ramified 
holomorphic covering of the embedded curve C <Z M 

(t>:T.^C <ZM 

where S is a compact Riemann surface, not necessarily connected and </> is not 
constant on any connected component. By the connectedness of C, 4> on each 
connected component will be a ramified covering of C . Once this said, we will 
assume that S is also connected. 

We consider the set of smooth maps (^ : S — > C with degree d > and consider 
the pull-back {(j)*N,(j)*ii^jQ-f) 

(j)*N = {{a, n) G E X A^ I (t>{a) = 7r(n)} 

over the smooth map </> : S — > C. We denote the canonical map (f) : E = (/)* N -^ N 
defined by (j){a,n) = {4){(j),n) which defines a smooth map. Considering the pull- 
back Hermitian metric on _E = (ff N from N via (/) : E ^- C and the associated 
Hermitian connection, we obtain the induced splitting 

T^E ^ HTeE ® VTeE = T^^ e Nn (3.1) 

where e = (cr, n) with (f>{a) — 7r(ri). 

We denote by V[ '^ ■. the (0, l)-part of the connection V. We note that if <j) 
is holomorphic, V*^°'^^ = d where d is the standard Dolbeault operator. 

Definition 3.1. Let : E — > C be a smooth map and consider the pull-back (p* Nc- 
We define a (p-section of tt : TV — >■ C by a map s : E — > TV such that 

TT O S ~ (f) (3-2) 

i.e., a section of the pull-back bundle (j)* N. If </> is holomorphic and s is holomorphic, 
then we say that s is a holomorphic 0-section oi tt : N ^S' C along (f), or just a 
holomorphic multi-section. 

Since it will be important to consider the graph of a multi-section s as a subset 
of N, not that of 4>*N, we sometimes denote the set of multi-sections by 

Similarly we denote 

For a multi-section s : E — > A^, we define the covariant derivative of the multi- 
section, denoted by Vs, by 

Vs(a) = n:(,) o ds{a) (3.3) 

where 11^ : r„iV -> VTnN = iV„ is the vertical projection. 

Replacing the section and Vs in the previous section by the multi-section and 
Vs respectively, we can construct the maps a(s), /3(s), 7(s) and 5{s) as before : for 
example, 7(5) defines an element 

r(HomK(rE,(?i*iV)) ^VL^{<i)*N). 
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If we denote by S" C iV the graph of a muhi-section s, then we have TS = 
graph (Vs) and 

$(T5) = {{a{s) + l3{s)Vs) ■ w, (7(5) + (5(s)V(s)) ■ w) \ w e TE}. 

We note that on the 'zero section', : S — ?► C we have a = id and /? = 0. Therefore 
if s G ^^^(S; N) is C^-smah, the matrix 

a{s) +/3(s)Vs 

is invertible and hence ^{TS) ~ graph (P(s)) where P{s) : TY, -^ N is defined by 

P{s) = (7(s) + (5(s)Vs)(a(s) + f3{s)Vs)-\ (3.4) 

Now we give the definition of the normal operator for the muhi-sections which we 
again denote by d^. We first recall that $ depends on J and so do a{s), /3(s), 7(5) 
and S{s). Hence di, is given by 

Ms) = 5,;(j;j,c)(s) = (P(J, s)+to P{J, s) o j)/2; J^xU^ n^'''^\cp*N) (3.5) 

where i = ^(J,c) is the complex structure on A^ induced from J, and hi is the open 
neighborhood given by 

U^{s<E n°{(t)*N) I graphs <zU <Z Nc}- 

We consider the pairs (J, C) where C C A/ is an embedded ,/-holomorphic curve. 
We denote by A^g™^(Af, w; /3) the set of such pairs (J, C) with genus g in class 
[C] = 7. Since this set coincides with the set of un-parameterized somewhere 
injectivc J-holomorphic curves, it carries a C*"' Banach manifold structure for any 
given positive integer A: > 1. It is a fiber bundle over J7|^. 

Now we decompose the standard dj into the horizontal and vertical parts thereof 
for the set of maps u : 'S ^ M whose image is C°-close to C or to the zero section 
in Nc- Any such map can be decomposed into 

u ~ {t: o u, Su), Su G (tt o u)* N 

and vice versa. Denote 

J^g+H{C;d[C]) = {(^,s)|0eC°°(E,C), sef}"(S;0*7V), 

{a{s) + /3(s)Vs) is invertible} 

J'g+h{9,d;(3) = U U J'g+h{C;d[C]) 

i;P=d-f (,/,C)eM™''(A/,Lj;7) 

and define a map 

d:J{Y)xJ^g+h{g,d;P)^n" 
by d{j, u; J, C) = dcij, u, J) with 

dcU^ "j J) = {dh,c{T^ ° u), dvfiSu) ; (3.6) 



C£My^>'(M,J;(3) 
Cg7H™'>(A/,J;,3) 



EMBEDDED CURVES ON CALABI-YAU THREEFOLDS 13 

and 

K,C = U '^"c;(i(,,,c),i(,7,c))' '^v,C■,U.^(J.c))=^j,HJ.c^^*^'=''> 

and dh,c ■ C°°{'E,,C) -^ 'H'h^c i^ ^^^ standard Gromov's d(^jj^j^^) and du,c — d^ 
the normal 9-operator defined before. 

Then by construction the foUowing is obvious. 

Proposition 3.2. Suppose u ~ {(f), s) : T, ^ N with its image contained in the 
tubular neighborhood ofU C N and (a(s) +/3(s)Vs) is invertible. Then u is {j, J)- 
holomorphic if and only if dc{j, u,J)^0. 

4. Off-shell setting of linearization of d^ 

We now consider the set of maps u = (0, 0) with </> : S — ?► C C A/ where C 
is an unparameterized embedded J-holomorphic curve and consider the normal 
linearization of the map i.e., the linearization of d^ at each given (j, (/>; J, C). 

Each (j, 0) with j S J'(S) and (j) & C°°{T,,C) having degree d give rise to the 
linearization operator of di, at {j, (j); J, C) which we denote by 

D„9,(j, 0; J,C) : n\cl,*N) ^ n(°'i)(0*7V). 

We now interpret the map 

{j,c^-J,C)^D,M3.<P;J.C) (4.1) 

as a section of some bundle over a certain space which wc now describe precisely. 

Denote by J{Tj) the set of almost complex structures on E, i.e., the set of 
j e EndR(rE) satisfying p = —id. We then denote by J'(E) x Tg+hig,d; (3) the 
set of quadruples (j, (j); J, C) such that 

(1) C is an embedded J-holomorphic curve of genus g, d[C] = /3 in H2{M). 

(2) E is a compact surface with genus gs = g + h with h > 0. 

(3) (^ : E — > C is a smooth map from E to C with degree d > 1. 

It is an infinite dimensional smooth manifold fibered over Ai'l™^{M, J; (3). We 
denote 

Holg+hXgTd-j/S) = {{j,(l)]J,C) I C embedded J-holomorphic, 

j(jfi) o d(t) = d(f> o j} 
Mg+h{g,d-p) = nolg+h{g,d-p)/ ^ (4.2) 

where ^ is the gauge equivalence i.e., 

(J,0)'-(V'*J,0°^) (4.3) 

for V' G Diff{Y,). Here Aig+h{g,d; (3) is nothing but the standard moduli space 
of J-holomorphic curves (/> : E — > A/ in Af which is a covering of an embedded 
J-holomorphic curves C in genus g with /3 = d[C]. 

We will consider another action of Dif f{Y.) on the set J'(E) x Fg+h{g, d; (i) given 
by 

(j,0)^(j,</.o^), Vei5*.f/(S). (4.4) 
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This preserves the given embedded curve C but changes the branched holomorphic 
covering cf) : (S,j) — > iC,i) to a non-holomorphic map {j,4>o ip)- We would hke to 
emphasize that the action is different from the gauge action of DiffCE) 

'4^ ■ (j» ^ (V'*j>° V')- 

For example, the action (|4.4p does not preserve the set 7iolgJi-ii{g,d; (3), while the 
gauge action does. Not to confuse readers on these two actions of DiffCS), we 
denote the universal moduli space A4g_^.fi{g,d; f3) as (|4.2p instead of 

Holg+h{g,d;P)/Diffii:). 

We denote the set of Fredholm operators 

D:n'{c^*N)^nfrll^^{cb*N) 

with diniR KerL = A: by Fred/;(j, 0; J, C) and their union by Fred/j i.e., 

Fredfc= y Fredfc(j>;J,C). 

(j>;J,C)6j(E)x.F<,+h(g,rf;/3) 

Finally we denote 

Fred= |J Fredfc. 
fcez+ 
The following is by now well-known (see jKosj for example). 

Lemma 4.1. Fredfc is a submanifold o/ Fred with real codimension k{k — u) and 
the fiber of the normal bundle of Fredfc in Fred at an operator D e Fredfc is 
HomK(Keri:>, CokerZ?). 

Each Fredfc defines a fibration over Tg-^-h{g^ d; /3). Then we obtain a smooth map 
*: J(S)x J-g+,,(r7,d;/3)^Fred 
defined by the linearization map 

vI/(j,0;J,C):=Z?X(j,0;J,C) (4.5) 

defines a smooth section of the bundle 

Fred^ J(I])x J-<,+,,(g,d;/3)- |J J(E) x C°°(E, C; d). 

{.Jfi-Ji=d[C]) 

In fact, this is nothing but the projection of the standard linearization to the normal 
bundle Nc with respect to the splitting TM\c = TC®N. 

The space 'Holgj^h{gTd] P) is the union of Holg^h{C;d[C]) over {J,C) with C 
being J-holomorphic embedded curve where Holg+h{C;d[G]) is the set of (j, i^) 
with (f) : (E,j) -^ {C,i{j,c)) being holomorphic. And Aig+h{g,d; /3) is the union of 

Mg+h{C;d[C]) = Holg+h{C;d[C])/ ^ . 

Mg-^^h{C;d[C]) is a complex manifold (or an oribfold) of complex dimension given 

by 

r - 2(5(S) - 1) ~ 2d{g{C) - 1) = 2{g + h - 1) - 2d{g - 1). 

r is also the same as the degree of branching divisor br{(j)) for cj) G Mg+h{C\ d[C]) 
by the standard Riemann-Hurwitz formula (see |FP| for example) . In particular we 
have r > 0. 
We denote by 

p : Holg+hig, d- /3) ^ Mg+h{g. d; /3) (4.6) 
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the canonical projection. Wc note that J{Yj) x Tg+hig , d; P) has the structure of 
smooth bundle over 

whose fiber at (J, C) given by J'(S) x C°°(S], C; rf[C]). This ends our discussion on 
the ofF-shell setting of of the map (|4.1|) . 

Remark 4.2. Wc would like to note that although Holg^h{g, d; f3) or J\4g+ji{g, d; /3) 
is a smooth manifold (or more precisely orbifold for the latter case), its smooth 
structure does not come from the transversality of the d against o-h" C H'^ : In 
general the linearization of dh has non-trivial cokernel. However it has the structure 
of fibration 

Mg+Hig,d;l3)^ y A^^"''(M;7) 

7;rf/3— 7 

for which the base is a smooth manifold and a fiber is isomorphic to Mg+h{C; d[C]) 
which has the smooth structure. 

The following simple observation is one of the crucial ingredients used in our 
proof of the main rigidity result. 

Proposition 4.3. The action (|4.4p of Dif f{Yi) on C°^{11,C) is transverse to 
Holg+niC;d[C])cC°-i^,C). 

Proof. Let </> e Holg+hiC;d[C]) C C°°(S,C). The normal space 

T^C°°i^, C)/T^Holg+h{C- d[C]) 

is nothing but T{())*TC)/ H°{(j)*TC) where H°{<f)*TC) is the space of holomorphic 
sections of the holomorphic line bundle (j)*TC. 

On the other hand the tangent space of the orbit Diff{Y.) ■ {(/)} C C°°{1^,C) 
consists of the variations of the type (j)o ipf. We denote 



dt 






We need prove 

T^{Diff{j:) ■ {cf>}) + H°{rTC) = T{<j>*TC). 

To prove this, it will be enough to prove the following lemma 

Lemma 4.4. Let X G r{(j)*TC). If J^{X,Y) = for all Y e d0(r(TI])) + 
H'^[(j)*TC), then X = Q. Here T{TYi) denotes the space of vector fields on S. 

Proof. In fact, we will prove a slightly stronger statement with the phrase "for all 
Y G d0(r(rE)) + H°{(j)*TCy' replaced by "for all Y e d0(r(rE))". 
Suppose X satisfies 

f{X,Y)=0 (4.7) 

for all Y £ d(/)(r(TE)). Let Y = d<l){W) for W e r(rE). If X is not a zero vector 
field, there exists ctq G S with X(ao) ^ 0. Since there are only finite number 
of branch points of </), we may assume (/)(cro) G C \ fer(0): if X(cto) = for all 
S \ 0~-^(5r ((/))), the by continuity X must be zero. We recall X(cro) G T^(^cro)C 
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Since : S — > C is a covering map away from br{(f>), we can find a local vector 
field Wo defined on a sufficiently small neighborhood C/ C S \ br{(j)) of ctq such that 

d^iWoia)) = X{a). 

Multiplying a suitable cut-off function x : S — > [0, f ] supported in U and x = 1 on 
another neighborhood V with o-q € ^ C V C C/, we will have 

{X,d(j){W))>0, W = xW 
s 

a contradiction to (|4.7p . This finishes the proof. D 

This in turn finishes the proof of Proposition 231 D 

We recall the following standard index formula 

Proposition 4.5. The index of Dyd„{j,(t);J,C) is given by 

i:=lndexD^d,{j,(j);J,C) = 2(ci((/.*7V)p] + (n - f )x(E) 

= 2(ci(riV)[I]] + (n-f)(l-.gs)) (4.8) 

in general dimension. In particular, when n — 3^ ci(A'/, co) — and C is embedded, 
we have 

L = 2{2d{g - I) + 2(1 - g - h)) = -r < (4.9) 

Proof. Riemann-Roch formula immediately implies (|4.8p . On the other hand, when 
n ~ i, ci(A/, a;) = and C is embedded, we have ci(0*A^) = ci{uj^) where ws is 
the canonical line bundle of S. Therefore (14.91) follows. D 



Next we compute an explicit formula for Dyd,y{j, (j), J, C). Let 7 e HomK(rC, Nc) 
be the map given in (|2.4p . We define the vertical partial derivative D^'-f{J,4>) of 
7( J, (/), s) at s = by 

Dl^iJ,^){0 = -^ _ 7(J,exp4iO) (4.10) 



fff 



t=o 



where expj,(if) with — e < i < e is a family of sections along (p i.e., in rf'{(j)*N) 
such that Jq = J and so = and 9s(/9t|t=o = C- Similarly we define the derivative 
i^,"P(J, 0,s) of F( J, (^,s). 

The following result is a variation of a result from jHLSj . 

Proposition 4.6. Let (j, </>; J, C) be as above. Then we have 

d.Mj, 0; J, c) ^ r ((V + /^)S°;;,^,„,,,,,)) (4.11) 

where V is t/ie Hermitian connection of the Hermitian holomorphic vector bundle 
{Nc, i(j.c)i h(^jc)), M = D^lJ o.nd (OLi ) *.s (0, l)-part. In particular when (j) is 
holomorphic, L has the form of 

^ = ^ + '^*(/^(mU)) 

where d is the standard Dolbeault operator of the holomorphic vector bundle {((>* N, (f>*i). 
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Proof. In the course of calculations, wc denote jc — j(j.c) ^-nd i ~ i{j,c)- 

For ^ G r2^(C;iV), let St with — e < t < e be a family of multi-sections in 
VlP^(C]N) such that 

So = 0, — St(cr) =S.{(j) 
at t=o 

for t7 e S. Using p.4p . (|3.5p and recalling that on the zero section we have a = 

id, (3 = = J, we get 

Therefore wc have 



From its expression, we have 

i {D^M^){dm) + 0** ° Z?:7('/')(#(O).7cd0) = 0* ((M./)(°;.!,e„,,,,e,) 

with the bundle map fij : Nc -^ A^{Nc) which is defined by 

MJ - D:{^). (4.12) 

This finishes the proof of ()4.1ip . 

The second statement follows from the well-known fact that the (0, l)-part of 
the Hermitian connection on the Hermitian holomorphic vector bundle is the same 
as d since the pull-back connection via the holomorphic map (/) is again a Hermitian 
connection on the holomorphic vector bundle (jf Nc- 

D 

Remark 4.7. We note that dependence of the operator Dydiy{j, J, C; (p, 0) on J is 
only on its 1-jet of J along C, i.e., on the restriction of J on TM\c — TN\c- 

5. Degeneration to multiple covering with smooth domain 

The material of this section will be used to carry out the first step of induction 
scheme carried out in sections (TU] 

Let J S J™'^"'^ C J^™^ ■ In this section, we will prove the following theorem. 
An analogous theorem was mentioned in [IPl] , [E] . 

Theorem 5.1. Suppose that there exists a sequence of maps Ui : (E.^, j,) — >■ Af with 
distinct images such that it converges to a smooth map Uoo '■ (S,j) — >■ Af which 
factors through u^o ~ uqo (j) where wq : S' — > M is a J -holomorphic embedding and 
(j) : Yi ^ Yi' is a ramified covering of degree > 1. Denote C = Im uo. Then the 
linearization \E'(j, 0; J, C) =^ Dsdv has non-trivial kernel. 

Proof. In this case, by composing with a diffeomorphism, we may assume that 
Si = E. We use the argument similar to those used in the proofs of Theorem 7.5 
(i) |01j or of Lemma 5.1 [E] in the following proof. 
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Using the normal exponential map exp : V C Nc -^ lA <Z M , we ean define a 
function (/, u') ^ (C, ^') for a unique choice of (C, C') e -^^(S, TE) x 170(1]; (j)*Nc) 
so that 

(/,./') = (cxp,C',nexp^(e')), 

as long as (j',w') is C-^-close to (j, Moo)- Here 11 : -/V^(„'(ct)) — 5> -^0(cr) is the parallel 
transport along the curve 

<^^exp(^.^)(t(C',n) 
with respect to the Hermitian connection of i of N . We denote C" — Imu'. Then 
we have ^' ^QiiC ^ C. 

We define a map J" : J^(S) x U{uoo) ^ H^{Y:,Ta) x rj[°;^'^^ )(0*A^c) by 

^(/,^') = (c',a.(r)) 

where U{uao) C C°°(S], Af) is a C^-neighborhood of Uqo and d^{^') = d,^;{j-j^c)iO 
defined in section [2] We will apply this to {j',u') = {ji,Ui) for sufficiently large i 
later. 

Denote L = \l/(j, 0; J, C). Considering a right inverse Q : Im L — > Im L^ C 
n°(S; (j)*Nc), we have the decomposition 

f7°(I];0*iVc) =Keri®Im L^ 

where L^ is the i^-adjoint of L. For the simplicity of notation, we denote 6 = {(,' , (,') 
and decompose 

9 = 9 + 9 e KerLelmL^ 

By definition of Q, we have = Q{l) for a unique 7 G Im(L). 

Suppose now u' : (S,j') ^ {M,J) is (/, J)-holomorphic and so F{i' ,u') = 0. 
We denote the norm of ||Q|| = C . Then we derive 

11^11 = 11^711 < co||7i|=co||£(Q(7))||=co||d-F(j,(/.)?|| 

= \\F{3',u')-F{],c^)-dF[],c^){e)\\ 

< CC^i\\9\U\\0\\ 

by the standard quadratic estimate, where Ci(r) is a function such that C'i{r) — > 
as r — > 0. Therefore if the C^-distance of (/, u') to (j, (p) so small so that 

cci{\\e\\^) < 1 

we must have 9 = Qi'y) = and hence 9 = 9 £ KcrL. 

Now suppose there exists a sequence {ji,Ui) with Ci ^ C whenever i 7^ j but 
{ji^Ui) — > (j, Uoo) in C^-topology. Since Ci 7^ C, ^i 7^ 0. for the corresponding 
^i = (Ci7^i)- But the above conclusion implies that ^^ must be contained in KerL 
and so KerL 7^ {0}. This finishes the proof. D 

6. Degeneration to multiple covering with singular domain 

In this section, we study the case of degeneration to a stable map whose image 
locus is an embedded J-holomorphic curve C but whose domain becomes singular. 

If a stable map u : S — > A/ with singular domain occurs as a limit of Ui : 
(Si, ji) — >• (M, J) with [ui] = /3, then 13 = dj for some d>2 where [C] = 7 by the 
structure theorem on the image of stable maps stated in Theorem 11.21 

We prove the following theorem by a re-scaling argument in a tubular neighbor- 
hood of C C Nc similarly as in }IP1| . One difference of the current case therefrom 
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is that our case is a re-scaling along a 2-dimcnsional surface which is of higher 
codimension than 2 while |IPlj deals with the situation of codimcnsion 2. 

We first recall that the normal bundle Nc has a canonical holomorphic bundle 
structure i = i(jfi) induced by {J,C). 

Theorem 6.1. Let J G JTuj be any tame almost complex structure of {M,lu) and 
C be a J -holomorphic embedding. Suppose that u : T, ^>- C G M is a stable map 
with singular domain that occurs as the stable limit of a sequence of embedded J- 
holomorphic curves as above. Then there exists a ramified holomorphic covering 
01 : El — >■ C such that 

Kcr*(ji,0i;J,C)^{O}. 

Proof. Wc symplcctically identify neighborhoods of C C il/ and oq C Nq using 
the symplectic neighborhood theorem and so we may assume M = Nc and C = 
oc iTi N = Nc in this proof. More precisely we consider a symplectic blow-up 
(MgjWe) of (M, w) along C C M. We identify an e-neighborhood of C in M with 
a corresponding neighborhood of the zero section oc of Nc C Af^ . 
We further consider the projectivization of N 

N ^ P(0 ® N) 

with AT = P(l © A^). Denote hy Rt : N ^ N the scalar multiplication Rt{n) = n/t 
for t G K* which also induces scaling map on P(0 N) and we also denote by Rt . 
Then Rt o u^ is a (_Rt)* J- holomorphic map for any i G K*. We note that the almost 
complex structure 

Jt := {RtT J ^ Jo (6.1) 

in C°° as t ^ on compact sets in Nc C P{0 © Nc). 

Now we can imitate the proof of Proposition 6.6 |IPlj to find a sequence i^ — >■ oo 
such that there exists an irreducible component (Si,(0i) of (2,0) on which the 
re-scaled map i?t. o u,; produces a non-constant R^J = Jo-holomorphic section of 
(t)lNco. 

Remark 6.2. This case, where the image completely sinks into the symplectic 
hypcrsurface V with singular domain^ was not explicitly singled out in the proof of 
Proposition 6.6 jIPlj . However the argument of Step 3 in the proof of Proposition 
6.6 jIPlj still applies to this case with some minor changes in their condition (6.13) 
as explained to the author by lonel and Parker |IP2j . Because of this and because 
the current case deals with higher codimension case, not the case of symplectic 
hypcrsurface as in |IP1| , we give the full details of this re-scaling argument in our 
case for the readers' convenience. In addition, we use the C^-distancc of the image 
of Ui from the locus C as the re-scaling parameter instead of the energy parameter 
used in |IPlj . Our choice of scaling parameter seems to give simpler re-scaling 
argument for the purpose of just producing a kernel element for the linearization 
in this particular case. 

To carry out the re-scaling argument, we need to make precise the description 
of symplectic form near C. We will follow the approach taken by Li and Ruan 
jLRj . We first choose a symplectic form on Nc as follows. Take a Hermitian metric 
on the vector bundle tt : Nc —>■ C and denote by | • | the associated norm. Then 
the function |np defines a smooth function on Nc and idd\n\'^ is a closed 2-form 
fiberwise nondegenerate. Let wq be an area form on oc- Then 

(jj^ := 7r*ajo + eidd\n\^ (6-2) 
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is a symplcctic form on the total space of Nc in a neighborhood of the zero section 
if e is sufficiently small. Considering the function 



He{z,n) = \n 



2 



and performing the symplectic cutting (see |Le| for the precise definition) along the 
hypersurface H~^{0), we obtain a symplectic manifold 

{P{0®Nc),ojJ). (6.3) 

By the symplectic neighborhood theorem, the symplectic structure of a neighbor- 
hood of C is uniquely determined by the area of C and the almost complex structure 
of the symplectic normal bundle. Identifying the e-neighborhood of C with that of 
Nci we consider the family of hypersurface 

N,^{\n\^^e}. 

Applying the symplectic cut, we obtain two symplectic manifolds M^ and M~. 
Here M~ is nothing but the above projectivization 

M~ = iP{0®Nc),oj~). 

We fix one such e > 0. 

Now we can identify the symplectic blow up A/^ with the symplectic sum 

Me = ACUw. A/+, ^,^oj,i^oj. (6.4) 

By denoting Poo = P(C' ® Nc) \ P(l © Nc) and S{Nc) the unit sphere bundle of 
Nc; P{0 © Nc) \ P(l © Nc) = M~ \ Ne is a. symplectic manifold with positive 
end with its asymptotic boundary given by the contact manifold N^ ^ S{Nc) and 
M+ = Af \ C is one with negative end. 

Focusing on the e-neighborhood of C, we pull back the pair (J, g) from M to the 
corresponding neighborhood in F{0 © Nc) \ Poo- We also consider the pair ( Jq, g^) 
where Jq is the almost complex structure 

Join) =j{Tr{n))®i{j^c) 

and (?£ is the metric induced by a given Hermitian metric on the bundle Nc and the 
associated metric thereon (as a manifold) in the fixed e-neighborhood and extended 
suitably outside. We fix a cut-off function x supported on the neighborhood of C 
with X = 1 on the e/2-neighborliood. For small t, we set Xt = X° ^Jt- 

Starting with the background metric g' = Xt.g + (1 — Xt)^^, and a fixed symplectic 
form ajg, we are given a tame triple (wg, Jt,gt) with Jt = {Rt)*J, gt = [Rt)* g' on 
P(0©iVc)- As t ^ 0, we have Jt -^ Jo in C° compact sets in Nc = P(C'©iVc)\IPoo 
and {Jt,9t) — > (J>.9) in C!°° on compact sets of M \ C. 

Since Mi — >■ in stable map topology, the image of Ui is contained in the e'- 
neighborhood of C for all sufficiently large i with e' < e/4 and so we can work on 
Nc inside P(0 © Nc) with respect to the (cj', Jt,gt)- 

We need to recall the precise definition of stable map topology for the following 
arguments. We follow the exposition of Fukaya and Ono |F0| for this definition of 
stable map topology and refer readers thereto for complete details of the definition. 

If we decompose the stable map into its irreducible components 

(E,(/)) = Uiy(i;^,(/)i.), 
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after stabilizing the domains by adding suitable number of auxiliary marked points 
to Soo and Si , we can express Ui as a resolution of (f) 

Ui = ReS(j. {4>) : 

Here 

ai = {a^,, I X g Smg{T,'^),ax,t € Tk-.i/S- „ (g) T^;,^^-^^} 
are the deformation parameters of nodes of S^ where EJ has the same intersection 
patten as Sqo and S^ — > Sqo in the Deligne-Mumford space and q?j — > as i — > oo 
(see [FO] ). 

Consider any non-constant component 0,^ : S^ — > C C A^c and the restrictions 
of Ui to the corresponding component S'^ ^^ \ Wi{S) where Wi{6) is the union of neck 
regions of E^ of the size 6 > 0. We recall from section 10 |F0| that we have the 
canonical embedding of E,^ ^^ C E^ so that we can identify 

Ei^(J(E^_,\U,„Z?,,,) 

where D^^i, is the disc neighborhood of x £ E^ of size |aa;,ip/^. By the definition 
of stable map topology, for any given 6 > 0, ui ^ (j) on Ej,^ \ Wi{S) on any 
given irreducible component E^. Since E^ ^^ — > Ej^ as i — > oo, this convergence 
statement makes sense. We consider a non-constant component (0^,E^) and the 
corresponding restriction of Ui to E^ ^^ \ Wi{d). 

Now we apply the above stable map convergence to the re-scaled sequence Ra o 
M, : E -^ iVc C P(C' © A^c) with 

Cj = max |u,-|fz). 

Then \Rc- oui{z)\ < 1 mU = V C Nc- (See (|2.ip and the paragraph right after it.) 
By the choice of the symplectic form (|6.3p on F{0(BNc), there exists a constant 
K > independent of i such that 



UJe < K 

'Si 

and so we can apply the stable map convergence to the sequence since J^ — > Jo in 
Co on compact sets in Nc- Since |i?ci ° Ui{z)\ < 1 and hence the images of all the 
irreducible components of the limit of Re- o Ui are contained in the D{Nc) and are 
Jg-holomorphic where D{Nc) is the unit disc-bundle of Nc- Then we can write Ui 
as 

Ui{z) =exp^„„^(^)(c,^i(z)) 

with S,i{z) G N^oui(z)- Then we have 

max|^i(z)| = 1. 

Next we remark 

TT O R^. O Ui = TT O Ui- 

Because of the (local) convergence of R^ o Ui and vr o R^. o Ui = n o Ui, the limit 
of Rci o Ui produces a component (Ei, ui) and ^i G ri*'(Ei, <f)*iN) with (j)i = tt o uj 
such that 

max |ui(z)| = 1. 

There are two possibilities : one is where ui is a fiber component and the other 
where t: oui is not a point. 
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In the first case, we can write 

ui{z) =exp^^Ci(^) 

where xi is a point in C and ^i satisfies 9^i = and max^ |Ci(-z)| = 1- But tliis is 
impossible since ^i is mapped into {Nx-^,i) = C"~^. 

In the latter case we note that n oui is a J-holomorphic curve whose image is 
contained in C. Since C is connected and embedded J-holomorphic curve, n oui 
must be onto C and so (pi is a ramified covering of C followed by the embedding 
of C into M. In this case, we can write 

ui{z) = exp^^(^)(^i(z)) 

for a non-constant section ^i ^ <j)\N with 

max|^i(z)| = l (6.5) 

z 

Now we will show that ^i is contained in Kcr^(ji, ^i; J,C). We denote 0„ = 
■K o _/?£„ o Un ^ TT o Un whcrc TT ! Nc — > C is thc projection and write 

Rc„ °Un = exp0^^(^„) 

for some ^„ G ^Pn^ ■ Take the sequence of thc component S^ ^^ \ W„((5„) of E„ \ 
Wn{5n) with 5n — > On which the 'coning-off' of Rc„ o m„ converges to 0i. We 
define a map m„^i, : SJ^^ — ^ M defined by the coning-off of the restriction of i?c„ °Un 
to E^ J, \ Wn{5n) along the union of discs of the size (5„ removed from S^ ^. Then 
we still have 

■n OUn,v -> (pi- 
We write 

-Rc„ o Un.u = exp^_^ _^ ^„,,. 
for some u„_^ and i?c„ o u„^^ — > ui. 

By definition of linearization of Ddj at {jn,L','t'n,u), we obtain the mapping 
component 

where n„ is the parallel transport along the short geodesic from tt o Un,u to (pn^u- 
Dividing the equation by c„, we obtain 

IVnd(^j^^J)Un,v d{j^,^.J)4'n,i' = D^^^d j„ ,j{£,n,v) + 0( |c„ | |^„,,y P) (6.6) 

Since the image of 4>n,u is contained in C and C is J-holomorphic, we have 

(^O„,„„/)(0n,.))^ = O: (6.7) 

In fact, we have 

-K , , \ d(j)n,iy + J O d4>„_i, O jnt, 
"(0„,u,J)K(Pn,v) = ^ ■ • 

Since the image of (pn.v is contained in C, the image of d4>n,u is tangent to C. 
Furthermore since C is J-holomorphic, the image of Jo dcpn.v ° jn.iy is also tangent 
to C and hence (d(^j^^ ^^j-){(f>n,iy))^ = regarding (j>n.i, as a map to u„^i,;I]„^i, -^ 
C ^ M. 

On the other hand, we have 
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as ri — > oo since Rc^ o Un.u -^ ui and R* J — Jc^ — > Jo by (|6.1|) . 

Therefore by taking the hmit of the normal eomponent of (|6.6p and noting 
|c„||C„,,.P = c;^^\cn^n,i^\'^ < c„, we obtain 

Now we prove the foUowing proposition. 

Proposition 6.3. Regard (j) as the {j , J) -holomorphic map u which is (f> followed 
by the inclusion C ^^ M and regard ^ G T{(l)*Nc) as an element of T(u*TM) via 
the splitting p.ip . Then we have 



p9(,-,,)(7.)(0)^ = ^{jA;J.cm. (6.8) 

for all^e T{(j)*Nc). 

Proof Let ^ G r{u*TM). Identifying a neighborhood of C C Af with that of the 
zero section oi N = Nq, we will consider the variation 

where ^ is a section of 0*A^ — > E. With respect to the canonical connection of 
i = *(./.c) on TV, we decompose 

TnN = T„(^n)C ffi N^(^n}- 

Then we have 

U{dut) ^ {d^,tV^O 
where V"^ is the pull-back connection on (f>*N of the canonical connection of N, 
and n is the parallel translation from T^i^\N to T^(u(z))N. 

We recall the almost complex structure J is represented by J{n) = $(n)~^Jo(n)<I>(7i) 
where 



and 



We compute 



^ > [-fin) S{n) 



uOu.nM = n( ^-- + ^;^"*°^' ) = ln(d.O + ^n(jd..o,) 

Using the fact a{ut) = id + o{\t\), (3{ut) — o{\t\), 5{ut) ~ id + o{\t\), we compute, 
modulo o{\t\), 

$(uO-VoK)$(«*) [tv4oj 

J{.LC) °4> \ f d(j)oj 

-7(exp^(iC)i(xc) ° + Hj,c) ° 07(exp0 1£,) i{j,c)J V^'^C ° J 
^{d(j) + (j)*j(^j^c)d(l)j) 

i(V<*e + r *V<*e ° j) + i(7(exp^(ie)) + 0**7(exp^(ie)) ° jX 
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Therefore substituting this into (|6.9p and taking the derivative, we obtain 

where ju,c) ~ J\tc ^-^d * = *(-fC) ^ '^l-ZVc ^^ before. Therefore we derive the 
identity 

This finishes the proof. D 



Proposition 16.31 then implies 

P„,%,j)(ei))^ = vl/(ji,0i; J,C)(6) (6.10) 

and hence ^i e Ker ^(ji, i^i; J, C). Furthermore we have 

max 1^1 (z) I = 1 

from (j6.5p and so ^i is not zero. Therefore we have produced a ramified covering 
^1 : El — > C such that KeT^!{ji,(l)i; J,C) ^ 0. This finishes the proof. D 

7. Calculation of ^-variations 

The main goal of this section and the next six is to prove rigidity of embedded J- 
holomorphic curves and their multiple covers (j, 0), i.e., to prove Ker 4'(j, 0; J, C) ~ 
{0} for all such (j, </>). 

Our proof of rigidity will rely on the study of 1-jet transversality, i.e., transver- 
sality of the section 

of the bundle Fredc against Fredc,fc in Fredc for a suitable choice of J' e J{J,C)- 
Here 

Fredc ^C°°(E,C)xJ(^^c) (7.1) 

is the bundle of Fredholm operators whose fiber at (0; J') 



Fred 



c,(^;jO = Fred (M^^^^(rE)), M^^-1'P(A|;;J, ^^ (r TC))) 

and Fredc, fe is the subbundle consisting of those whose kernel has dimension k. 
Here £ > 2 is an integer. (Strictly speaking, we should also include a fixed j in our 
notation as Fredj;c instead of Fredc- For the simplicity of notation, we suppress 
it.) We first recall that the normal space to Fred^ in Fred at an operator D £ Fredfe 
is isomorphic 

HomM(Keri:>,CokerC). 
We recall 

for any (j, (j); J, C) . The latter coincides with 

whenever {j,(f>) is a pair such that </> is (j, j(j_c))"holomorphic. 

We fix the Poincare metric on (E, j). Using the Hermitian connection on N and 
the associated L^-metric on the space of sections, we identify Coker ^ with Ker '^^ 
where ^\j, 4>] J, C) is the i^-adjoint of "^{j, 0; J, C). 
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We will be more interested in the pull-back of (|7.1|) under the map 

Diffi^) X Holg+h{C; d[C]) ^ C°°(I], C); (^, 0) ^-> o V-. 

We will also denote the pull-back bundle by Fred. The following is an obvious 
lemma but will play a crucial role in our argument. 

Lemma 7.1. Let V' e Diff{Y.) and (f> e C°°(S,C). Then we have 

dimKcT ^{j,4>; J,C) = dimKervI/(j, ^o ■)p;J,C). 

The same identity holds also for the cokernel. In particular, the action of Dif f{Yi) 
preserves each stratum Fredc,fc o/Fredc for all fc > 0. 

Proof. First we recall 

*(j, </> o ^; J, c) = {^o i,y ((V + /.)[°J) = r (0* ((V + M)gJ)) 

from ()4.1ip . Since ^ is a diffeomorphism, we have ^(j, 0; J, C)(^) = for ^ S 
n^{(j)*Nc) if and only if *(j, <^ o ^; J, C)(^'^) = for ^'^ € nO((</) o V)*A^c) is the 
section defined by 

Since ^ 1— )• ^''^ is one-one correspondence, the lemma follows. D 

Now we carry out somewhat subtle calculations to obtain a precise formula for 
the variation D^'^{k) for a holomorphic map </> : E ^- C under the above mentioned 
action Diff{T,). This will play a crucial role in our scheme of the proof of super- 
rigidity later. (One could extend our calculations to derive the variation 5ij.^)- 
Since we do not need this general variation for our purpose and want to make it 
clear that the 0-variation is what we need, we intentionally do not include this 
general variational formula.) 

First we consider a path 1 1-^ (pt with (J)q ^ (j) and (pt = 4' ° ''Pt where ?/;t : S — > S 
an isotopy of diffeomorphisms of E. We define the vector field VF on E by 

d 



W 

dt 



A- 
t=o 



We compute 

'^' (c,(</)nv+/i));°,;4«:) (7.3) 



t=o 



dt 
for the variation 4>t ^ 4' ° ^H- 

We will use (•, •)2 for the L^-inner product and (•, •) the pointwisc inner product 
in the following calculations. We denote V"^ the pull-back connection on 4>* Nq of 
the connection V on Nc- 

We denote by Re the curvature of the Hcrmitian connection of the holomorphic 
vector bundle {Nc,itj^c)7^''(J,c)) where the Hcrmitian metric hij(j\ is defined by 

h{Jfi) = 5.7 Uc 

where gj ~ Ld{-,J-) is the metric associated to J compatible to oj. We recall by 
definition Re we have 

Rc{X, Y)^ = V;, Vye - Vy VxC - "^[X^Y]^ 

for any vector fields X, Y on C and ^ a section of Nc- 
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We define a map 

such that for W e T{(j)*TC) its value ^["'^^j c) (^) i^ defined by 

^u:ll,c)(W) = I {Rcid<f>{-),d<f>{W))+i^j,c)Rc{ji.ic)dH-).dcl>{W))) (7.4) 

as an element ri'^°'-'^^(0*iV). 

We now derive the following general variation formula of '^ {j , (j)\ J , C) along 
(j, 0) € Mg+h{C; d[C\) towards the non-holomorphic direction of C°°(S, C) with j 
fixed. 

Proposition 7.2. Let {j,(p;J,C) € Aig+hidid; P) and denote i = i(.j^c) ^^^ com- 
plex structure on Nc- Then we have 

{D^^)ij, 0; J, C)iW) = (Vf + t^Xi-^}^"" ^^ + ^tv ((V^ + M^)[°:Ji.)«) 

(7.5) 

as a one-form on E. /Jere VW is the covariant derivative of the vector field W 
with respect to the Levi-Civita connection associated to a Kdhler metric of j on E. 

Proof. For the simplicity of notation, we will just denote (jfi = 4>*i(j^c) in this 
proof. 

Let -i/'t G DiffCS) for — e < i < e be one-parameter families of diffcomorphisms 
of S and of (almost) complex structures of E respectively with 



dt 






We need to compute 

vf|t=o*(j,'/'oV*;J,c) 

which is a first-order differential operator acting on rf'{(t)*Nc) with values in 
^u'lU)(^*^c)- Therefore for given k € rj"((/)*iVc) we compute 

(vf i*=o *(j- o ^,; J, o) (k) = (vf i*.o rt ((V* + t^X:lk)) ('^) (^-6) 

which is a one-form on E. By definition, we have 

(vf Uo ^: ((V* + /)[S,))) (n) - Vf Uo (^; ((V* + //)|°il,)) .) 

-(V^ + /^*)S'.)(vf|t=o«(^*)). 
The second term becomes 

(V* + t^)'S:^^ (vf |*=o '^(V'O) = (V^ + /.^)|°J.,)(vt'^). (7.7) 

For the first term, we compute 

Vf|*.o(^;(V*)^)) = Vf|,=o(v^^^«(^*)) 

= Vtw'K + V*vt«; (7.8) 
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and 

Vf \t^o rt (0*»V*A. o j) = cj^H (V^VM/(.)K + V^^vt^) . (7.9) 

Here we use the identities 

Vt* = 0, Vw] = 

where the second vanishing holds because Vw is the covariant derivative on S with 
respect to the Kahler metric on E and the first vanishing occurs since V*^ is the 
pull-back of a Hermitian connection on Nq associated to the complex structure 

« = i{J,c)- 

Now let V £ TzT, and W' be a locally defined vector field near z with W'{z) — v. 
We can choose the extension W' so that 

[W,W']{z) = (7.10) 

at a given point z G S. Wc evaluate V^V^k against f at z and obtain 

(V^Vt^)(^) = {\7tv^t,nKz) + Rc{dcl,{v),d^{W{z)))K{z) 
(v5,)Vt^)(^) = {WtW^^^^,K){z) + Rc{d<l>{j{v)),d^{W{z))K{z) 

by the choice of W' satisfying ()7.10p and substitute it into (|7.8p , (j7.9p and get 

vfk.o^:((v^)[;j,).) ^ (v^)Si,«oviy + vt((v^)Sl,.) 

+RuZ,c)iW)n. (7.11) 

Next we compute 

Vf Uo (vr((M)g:;i,))«) - mS ■:^i,)(d</'(VM^)).. + vt (mKI,)(^<^)('^)) ■ (^-i^) 

Adding (|7.1ip and (|7.12p and subtracting (|7.7p . we obtain 

vfUo^r((v^+M^)j;^-^')^^ 

- (v^ + M^)g:J!,).. o vw- + vt ((V^ + M^)^!,)..) 

+^(S.,C)(W^)- - (V^ + M^)!;:;i,)(^t-)- (7.13) 

This finishes the proof. D 

Remark 7.3. (1) We would like to point out that the variation 

vf|,=oV';((v^ + /)^°''')«^ 

is a tensor, more precisely a section of fl^^'^\(j)*Nc)- Therefore its evalua- 
tion at a given point ao against a vector field W' on E depends only on the 
value W'{ao), not on the vector field W itself. This enable us to choose W' 
suitably without changing its value at ctq when we evaluate the variation 
at a given point. 
(2) We note that D'^jj = ^j and fij depends on the 1-jet of J along C, while 
the term R\j'Jjc)0^)'^ depends on the 2-jet of J along C. 

Now we specialize Proposition l7.2l to the element for n lying in Keriy^ + n'^y^'^' . 
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Corollary 7.4. Suppose (V*^ + /i'^)( ■',',->« = 0. Consider the variation (f>t ~ (po^f. 
Denote W ~ ^|t=oV't- Let a ^H and v G To-S. Then we have 

-(V^ + /.n«))[ -,?.,) (Vt'^)- (7.14) 

Proof. Since (V^ + /i"^); 'j,i,nK = 0, the terms in the first line of the right hand side 
of (fTTS)) vanish. Then ((77l4)) follows by substituting v into ((7TT3)) . D 

8. Framework for one-jet transversality of multiple covers 

In this section, let J G J"""^ and C be the image of an embedded J-holomorphic 
map. 

For given such (J, C), we define the subset J(j.c) "^ >^tj consisting of J's satisfying 

TC = J(rC), 7j. = 7j (8.1) 

We denote by jij,c) the induced complex structure on C. This does not depend on 
the choice of J as long as it comes from J(j^c)- Obviously J G J(j,c)- 

We denote by jK ^s the set of J satisfying (|8.ip which is C'^ with fc > 1 . The 
following lemma is easy to check. 

Lemma 8.1. For k>l, JK f;\ is a closed suhmanifold of the Banach manifold J^ 
and so carries a Banach manifold itself. Similarly J^(j,c) '-^ "^ closed .suhmanifold 
of the Frechet manifold Ji^ . 

We then consider the set of pairs 

(0,J)gC°°(S,C)x J(j,c) 
define the map 

T(,,c)(0,J'):-*(j,'/';^',C). (8.2) 

which we regard it as a section of the bundle 

Fredc->C°°(I],C)x J(j,c) 

defined as before in section [T] 

Now we state the following key proposition. 

Proposition 8.2. Let J G JT^™'' he given and assume that (/) : (S, j) —?■ {C,j(^j^c)) 
is holomorphic. For given k Cz N, we consider the suhset Fredc,fc C Fredc- The 
partial derivative D^T(^jc) is transversal to Fredcfe C Fredc o,t (0! J) if 

(c,R,-\jijJ-)kj^O pointwise (8-3) 

as a one- form on S for all pairs (c, k) of non-zero k G Ker ^(j, </>; J, C) and non-zero 
c G Coker*(j, 0; J, C). 

Proof. We start with the following lemma 

Lemma 8.3. Suppose k G Ker'i{j,(j>; J,C) and c G Coker'I'(j, </>; J, C). Consider 
the variation 5(p = d(j){W). Then we have 

{c,{D^^){],<I,-J,C){W)k)^ - (c,i?[J^|^_^)(W^)^)^ (8.4) 

where (■,-)2 denotes the L^ -inner product. 
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Proof. We recall from Proposition 17.21 

iD^^)ij, cb; J, C)iWy = i?j;;^;^_^)(M/)A. - (V^ + M^)[°:Jl,)(vt«^)- 
Therefore we have 

{c,D^^{j,cf>;J,C){W)K}^ = {c,Rf^-'l,^c)i-)^)^ 

But since c lies in L^-cokernel of the operator (y^ + ij.'^), 'A^-^, the second summand 
in the right hand side vanishes and hence the proof. D 

Going back to the proof of the proposition, let (c, k) £ Ker \['(j, 0; J, C) x 
Coker^(j, (j); J, C). By the hypothesis, we have 



C'<:iLc)(>)^o 



as a one form on S. Then there exists ctq G ^ \ br{(l)) and a vector field wq G T'o-q^ 
such that 

Then we can first choose a vector field W with VF(cro) ~ wq and supported in a 
small neighborhood of ctq a-nd then multiply a suitable cut-off function % to VF 
supported in a sufficiently small neighborhood and obtain 

for the globally defined vector field W ~ xW . Therefore by Lemma [5751 this implies 

(c, p^*)(j, 0; J, C)(W?)aj)2 ^ 0. (8.5) 

Combining the above lemma and (|8.5p . we have proven that the section T(j pj is 
transversal to Fredc.fc C Fredc which finishes the proof of transversality of the map 
(j) f-^ '^{j, (j); J, C) against Fredc,A: C Fredc- □ 

Combining Lemma lT.ll and Proposition l8.21 we immediately obtain the following 
corollary. 

Corollary 8.4. Let ^{j,(j); J,C) e Fredc- Suppose k = dimKer*(j, (^; J, C) > 1. 
Then there exists a non-zero pair 

(c, k) £ Ker *(j, (fi; J, C) x Cokcr *(j, 0; J, C) 

such that \c, Rr ■' J. J Q\{-)n/ = as a one- form on S. 

Proof. Suppose to the contrary. Under this hypothesis. Proposition 18.21 savs that 
the partial derivative D^'i{j,(l); J,C) is transversal to Fredc,fc in Fredc- On the 
other hand. Lemma [7. II savs that the action of Dif f{Y.) preserves strata Fredc,fc- 
These two can happen simultaneously only when the stratum Fredc.fc is an open 
stratum, i.e., when fc = 0. This contradicts to the standing hypothesis of the 
corollary. This finishes the proof. D 

In section 1131 we will prove the hypothesis of this corollary will hold for a dense 
set of J's. 
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Remark 8.5. The geometric meaning of (|8.3|) is that the graph of the section pair 
(c, k) over S is contained in the 'flat locus' of the curvature R, ' , , „>. In the next 
section, we will show that this phenomenon cannot happen for a generic choice of J 
fromJ'(j_c') ()9.ip . (See Proposition lQH ) This is because we can make the curvature 
'so bumpy as' we want so that whenever there exists a non-zero pair (c, k) their 
graph cannot be completely contained in the flat locus of the curvature R, . ' , , „^ . 
As a result, there cannot be a non-zero such pair (c, k) generically. 

This argument applies to general situations, not restricted to the Calabi-Yau 
case. We will come back to this question again elsewhere. See Theorem 113.41 

9. Analysis of the curvature of Nc] 2- jet transversality 

We would like to point out that unlike the case of somewhere injective curves in 
which we vary J in M, we will not be able to prove rigidity for d > 2 by varying J 
due to the possible presence of automorphism group. It turns out that for given pair 
(j, (p) with (p being holomorphic with respect to j, we need to vary in a way that 
(j) is not holomorphic in terms of j. One crucial difference between (j)- variations and 
J -variations is that the former can he cut-off arbitrarily so that it becomes supported 
in a small neighborhood at any given point of E while J cannot be so hut should 
satisfy some symmetry caused by the multiple covering. 

To be able to exploit 0-variations, we had to search for a right Frcdholm for- 
mulation and the ofF-shell setting for this rigidity proof and carry out deliberate 
calculation of the variation of (p and obtain a precise formula. And we will also need 
to carry out some careful analysis of the curvature operator of the normal bundle 
Nc of the associated canonical connection as carried out in the previous section. 
This kind of calculation is common in geometric analysis but not has been so com- 
mon in relation to the study of pseudo-holomorphic curves. Beside the freedom of 
localizing the ^-variations, it is also worthwhile to mention that the curvature R 
involves 2-jet data of J along C while the definition of linearization involves only 
1-jct data. 

Motivated by the formula (|7.14p and Lemma 18.31 we carry out a detailed study 
of curvature operator R, . ' , . , „> in this section. 

Let [j, (p; J, C) be given and recall from section [2] the description of J satisfying 
TC = JTC, 

J{n) = $j(n)-i Jo(n)$j(n) 

where $j is an automorphism of TN (not of iV!) satisfying ^j\c = id. 

^a.j{n) I3j{n)^ 



\lj(n) 5j(n] 

as in section [2] 

With respect to the above description of J, we then consider the subset 

J(J.C) :- W ^Ju.\TC^ J'TC, 7j - 7,7. on C} (9.1) 

By the condition TC = J'TC, C is also an embedded unparameterized J'-holomorphic 
curve and so if : S — >■ C is holomorphic with respect to iij^c)^ then it is also so 
with respect to it^,j'_c)- Therefore we can still consider the operator '${j,(j); J',C) 
for the same C, (j, p). RecaU the definition (|4T|) . (|431) of *. 



T* 

O"0 
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Proposition 9.1. Let {j,(j)]J,C) be given. Consider the curvature operator 
^uir^c) ■■ T^ ® <t^*TC ^ Horn;;. ,^^,^^ {cj,* Nc) 

as a function of {j,(j);J') E Holg^hiC';d[C]) x Ji^jfi). Let kq G -/^^(cro) cmd cq € 
A(0'i)(iVo-j,) he non-zero vectors and (Jq <^ (j)~^{br {(/>)), and define a subset ofT*, >C 
by 

{" e ^0(<To)C a = ^co, '^j^(°^^^jc)('^o)ko) , Sjj = 0, (5J e TjJi^j^c)] ■ 

(9.2) 

This proposition seems to have some interest of its own. We need some digression 
on the curvature of Hermitian connections on holomorphic vector bundles in general 
before giving the proof of this proposition. 

We start with a general curvature formula for the canonical connection on 
a Hermitian holomorphic vector bundle on a Riemann surface C expressed in 
terms of holomorphic frame e = {ei,--- ,6^} and its associated dual frame by 
/ = {f^,--- ,/"}• Denote the associated matrix of the Hermitian metric by 
h = h{f) which is a complex positive definite Hermitian matrix. We denote the 
associated coordinates by ft. = {h^s), i.e., 

We denote a variation oi h hy Sh = h for the simplicity of notation. Denote the 
component of curvature by Kapzz in general given by 

d d 



K^-pz,^hyRy^-,-yep,e^ 

With respect to this notation, it is well-known in complex geometry (see |KN| for 
example) 

^ azaz ^-^ oz az 

Therefore we have the variational formula for X at zg g C 

inside the deformation space of Hermitian holomorphic vector bundles of (A'^; i, h) — > 
C . For example, this deformation formula can be applied to the case of our interest 

{Nc,iij,,c),ht)^C (9.5) 

induced by a Kahler deformation at zq obtained by deforming J' to the direction 
tangent to J(j.c)- We note that the terms inside the parenthesis in ()9.4p involves 
at most the first derivatives of h^s while the first terms purely involves the second 
derivatives for h^p. 

We also note the variation h^a is a Hermitian matrix and we can solve 

TTl^ = Ac.0 (9.6) 

azaz 
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for h^a for any given Hcrmitian matrix Aap at a given point zq as long as we are 
free to vary h inside the set of complex matrices up to the second order of a given 
point without restriction on the choice of h. 



Proof of Proposition \9.1[ We speciahze the above discussion on the curvature to 
our situation. We first reformulate Proposition 19.11 in terms of complex notation. 
We complexify Nc = N (E) C and regard N as its (1, 0)-part of Nc- We denote by 
i = i(j,c) the holomorphic structure on Nc associated to (J, C) and by h(^jc) the 
Hermitian metric on Nc induced by the almost Kahler metric 

g = w(-, J-) 

for the compatible J. We denote h = Sjh. Using this complex notation, the 
proposition will follow from the following complex version. 

Lemma 9.2. Let zq G C and A^a be any given (n— 1) x (n— 1) Hermitian matrix. 

(1) There exists a complex coordinates z = x + \/^-ly and a holomorphic frame 
{ei, 62, ... , e„_i} of Nc on a neighborhood of U zq such that 

^(^o)=0 = — ^(zo), h^-p{zo)=td. (9.7) 

oz oz '^ 

(2) Then we can find some variation h = djh such that 

—^{zo) = A^p, — ^(zo)=0, A„^(zo)=0 (9.8) 

ozoz oz ^ 

for all 1 < a, 13 < n — 1. 

Proof. We start with the variation formula of 5 J in terms of (5$. We note that as we 
vary almost complex structures inside J{j.c) the given embedded J-holomorphic 
curve C will remain fixed and so the normal bundle N ^f C also deforms as a 
rank (n— 1) holomorphic vector bundle together with the complex structure on the 
same base. We recall that our base C is complex 1-dimensional and so the (almost) 
complex vector bundle (A^, J) is integrable and so holomorphic. 

Let {J^,C) with — £ < i < e be such a one-parameter family with {J'^.C) = 
{J,C). We write 

jt ^ ($t)-ijp$* or cquivalently $*J* == Jo$* 

with $" = $ and j'^ = J = $^Vo$. We recall Jq is the distinguished almost 
complex structure which we do not vary and that the splitting of TN = tt*TC(B N 
is also fixed. Therefore we have the identity 

$5J + S<^J = Jn(5$. 



We recall from ^^ that J = Jq on TM\c and <^\c = id. 
Therefore we obtain on C 

SJ = Jo(5$-(5$Jo (9.9) 

Oa - dj JP - /3z\ ^ /2.7(d)" 2.7(/3)" 

M-ii iS-Sij \2i{^)" 2{isy\ 

where A" is the anti-complex linear component of A with respect to the correspond- 
ing complex structures j = j(j.c) on the domain and target i = i(j.c) respectively. 
Again for the simplicity of notations, we denote by 5a by a and so on. 
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We recall that wc arc varying (J, C) so that TC = J{TC) and 7 == 0. Except 
these requirements, we are completely free to choose a, /3, S, especially for the 
choice of S. 

Therefore (|9.9|) becomes 

which can be chosen arbitrarily. In particular 6" covers all i -anti- invariant matrices. 
Now wc express the variation h of Hermitian metric hj on N. We note that the 
variation of the compatible metric h with uj fixed over J is given by 

At the given point (2:0,0) G iV ^ A/, by the symplcctic neighborhood theorem we 
may assume that the symplcctic form has the standard form 

dx A dy + {dqi A dpi + dq2 A dp2) 

on some neighborhood U of zq with complex coordinates z = x -\~ \/~ly and 



•^(^0,0) - , Q . 

Furthermore can choose the above mentioned holomorphic frame {ei, 62, ... , e„_i} 
near ^o so that it is Hermitian orthogonal i.e., 

-1 / f~\ o \ 

and Vei(zo) = 0. In particular the Hermitian metric hj has the form 

dha^{zo) = 0. 
This is precisely statement (1) of the lemma which will also imply 

dha^i^o) =0. 

Now we vary J by J so that S" remains to be z-anti-invariant. Then (|9.10p is 
equivalent to the complex expression 



2^^5^^ 

where S^a is (n — 1) x (n — 1) Hermitian matrix and /3zz is a 1 x 2 complex valued 
matrix which are arbitrary. 

Combining all these, we can vary J so that h^a satisfies (|9.8p and that 

a ;^- y^O) — r, r,- (Zq) 

azoz azoz 

can become any given 2x2 complex matrix. This verifies that there is no restriction 
on the choice of variation h that is both complex and of the form oi 5jhj at the given 
point zq. This finishes the proof of Lemma 19.21 bv the remark around (j9.6|) . D 

Finally it is obvious that the set of 2(n — 1) x 2(n — 1) matrices acts transitively 
on R^("~^). Therefore Lemma [9.21 enables us to choose SJ so that 



'5^<i.,c)(^>^)-M=c(ao)(^ 
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?(0,1) 



and hence (c(aQ),SjR,.\,j^^K(ao)) ^ 0, provided k{(7q) 7^ 7^ c{<7o). Recalling 

the definition (|7.4p of R(.-\. j c)^ ^^ '^^^ immediately translate this transitivity into 
the statement of Proposition 19.11 This finishes the proof of Proposition 19.11 D 

10. Initial step of the induction 

In this section and the next few, we will carry out a double induction and prove 
both super-rigidity and finiteness simultaneously. From now on, we will assume 
the basic hypotheses 

Ci(A/,w) =0, 71 = 3 (10.1) 

unless otherwise said explicitly. The important consequence of this restriction 
is that the moduli space Aig"^^ {J ; [3) has virtual dimension and the index of 
^(j, (/); J, C) satisfies 

L = 2{2d{g - 1) + 2(1 - g- h)) = -r < 

where r is the number of branch points as discussed in Proposition 14.51 

We would like to recall that neither of the subsets J^^"^^ or J'^"^.'^'- is in general 

open and so one cannot use the Fredholm framework using these subsets of jTLi • For 

this reason, we will use an inductive scheme over the genus of the domain E and 

the energy of the map (p. 

We recall the map VP given in (|4.5p 

* ■.Tg+hig,d;(3)-^FTcd. 

Denote by tt : Tg+h{g, d; j3) — ?► J^ the obvious projection. 

Let {j,(j);J,C) be given with (j) : (S,.?) — > {C,j(^j_c)) being holomorphic. We 
recall the formula 

*(j,</.;J,C) = r(V + /ij)g;J!,) (10.2) 

where V is the Hcrmitian connection of {Nc,i{j^c))- We use the following notion 
of rigidity of embedded J-holomorphic curves. 

Definition 10.1. Let C C Af be a connected unparameterized embedded J- 
holomorphic curve of genus g. We say that C is (d, /i)-rigid if L = '^ [j , (f)\ J , C) 
has no kernel for any holomorphic map : E — ^ C of genus gs = 9 + h s^nd degree 
d. We say C is super-rigid if it is (d, ft-)-rigid for any (d, h). 

By the structure theorem. Theorem 11.21 mentioned in section [1] any element 
(j, u) G Aig{M, J; /3) has decomposition 



Here u is an embedded Fredholm-regular J-holomorphic curve and <j> : (E,j) — > 
(C', J(j,c)) is a holomorphic map of degree d' > 1 where C is the image locus of u. 

We denote by A^*"-' the universal moduli space of somewhere injective pseudo- 
holomorphic curves, i.e., the set of ((E,j),u, J) such that u is somewhere injective 
(j, J)-holomorphic curve, and A^'^™'' that of embedded curves. 

The following is the key definition which enables us to carry out the step-by-step 
proof at each finite stage of (G, K). 

Definition 10.2. For each given pair {G,K) £ N^, we consider the subset 
consisting of the triple ((E,j),w, J) that satisfies 



EMBEDDED CURVES ON CALABI-YAU THREEFOLDS 35 

(1) u : 12 ^S' M IS {j, J)-holomorphic and embedded 

(2) Lu{[u]) < K 

(3) 5s < G, 

(4) There exists an automorphism ip e Aut(S, j) such that for any a ^ a' 

1 ^ d\si{uoi){a),uoip{a')) ^ ^^ 
K - dist(cr,cr') - ^ ' ' 

He would hke to particularly highlight condition (4) in the definition of A^/q k)' 
which is partially motivated by the corresponding condition in the generic transver- 
sality of multiple Reeb orbits used in Appendix of |ABWj . This condition prevents 
embedded curves from giving rise either to bubbling degeneration or to multiple 
covering degeneration. In |02| . the author attempted to use a very complicated 
induction procedure instead precisely to handle these degenerations. We would like 
to emphasize that imposing the lower bound in condition (4) makes sense only for 
embedded curves. 

The following is an immediate consequence of condition (4) . 

Lemma 10.3. Suppose m = u o -0 satisfies the condition (4) in Definition \10.2\ 
Then we have 

^<\du{cr)\<K (10.4) 

K 

for all a ^ E. 

Proof. Let ct e S and v e T^Y, with \v\ = 1. Set 7 : (—£,£) — > M to be the path 
7(t) = exp„/g.j(sw). Then we have 

distM(7(s)),M(CT)) 

\du{(j{v)\ = hm — . , , , — r . 

s->o dist(7(s), <7j 

Therefore we obtain -^ < \du{a{v)\ < K for all a and v with \v\ = 1. This finishes 
the proof. D 

The following lemma is the basis of considering the above definition. 

Lemma 10.4. We have 

Proof Let {{'S,j),u, J) e M™''''. The first 3 conditions are trivial to check. We let 
Ki = uj{[u]) and G ~ g^. 

It remains to check condition (4) for some K. We will show (|10.3p indeed holds 
for Ip — id for some K > 0. Since u is immersed, we have 

min|du(cr)| > C>0 (10.5) 

for some C > 0. 

We first prove that there exists some K2 > such that 

. dist(u(cr),u(cr')) 1 

(T'es\{o-} dist(cr, cr') ~ K2 

Suppose to the contrary that 

. diat{u{a),u{a')) 

mt — -. TT = 0. 

o-'eS\{(T} dist(cr, cr') 
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Let Ui 7^ ct[ be a pair of sequences such that 

dist(M(cr»),M(cr-)) _^p 

as J — >■ oo. By the compactness of E, we may assume, by choosing a subsequence if 
necessary, that Ci — )■ ctq. Choose complex coordinates (C/, z) at ctq and regard u as 
a holomorphic map on an open subset C/ C C to C Since u is an embedding, we 
have 

dist(M(cro),u(o-')) ^ r ^ n 

dlSt(CTo,(T'j 

for all a' ^U for some S^ro > 0. Therefore cr- <S U for all sufficiently large I's. Since 
this is true for any given small neighborhood U of cto, we conclude 

\al-ao\^0 

as i — )> oo. Then wc have 

w(ct-) - u(cro) = rfu(cro)(CT- - (Jq) + o(|cr- - (To|) (10.6) 

since m is differentiable at aQ. Dividing this by {a[ — ctq) and taking the absolute 
value, we obtain 



KaD-^ao)|^|^^^^^^|_o(K-ao|) 



I.e., 



|cr--cro| K~<^0\ 

\duiao)\ < '"^"'!' "("")' + ^^M^. (10.7) 

Since ja^ — ctqI — >■ and ° ^^"^l — >■ as i — > oo and by the hypothesis, there exists 
some TV such that for z > TV, we have 

l"K)-"MI oM_^<£ 

ki-cTol ' IcTi-cTol ~ 3 ■ 
Substituting these and (|10.5p into (|10.7p . we obtain 



- 3 3 3 



a contradiction. This proves 



. distjuja), u{a')) 

I'^i — ^^T7 — r; — > 

cr'Gi;\{<T} dist(cr, cr') 
and so there exists some K2 > such that 

. dist(u(o-),w(cr')) 1 

cr'es\{(T} dist(cr, cr') ~ K2 
Next we prove there exists some K3 > such that 



sup dist(.(a),.(a')) ^^^ 

a'e^Mtr} dlSt(cr,CT') 



Let K' = 1 1 dw I loo- From (|10.6p . we obtain 



'"("'') -"('^")I<M.M| ' "^l^^'-'oD 



K^ -f^ol |CT -ctqI 
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Here the compactness of E and the derivative bound implies that there exists some 
S = 6{K') > such that 

for some C = C{5) > independent of ah cr, <t' with dist(cr, cr') < 5. Therefore 
Lemma 110.31 implies 

\^M)^Z^<K' + C (10.8) 

for all cr, <t' with dist(o', cr') < S. On the other hand if dist(cr, a') > 5, we have 

W{<)-u{ao)\ ^ diam(M) 
|o---cro| ~ <5 ' 

We set K^ ~ max{A'' + C, '^™^ — ^}. Finally we choose iC = max{/iri,iir2,iir3}. 
This finishes the proof. D 

Next we consider {Cg,ig) the abstract Riemann surface of genus g with fixed 
complex structure ig. We denote by Mg+h{Cg', d[Cg]) for d > 1 the moduli space 
of holomorphic maps (j) : (S,j) — >■ (Cg,ig) with degree d. We fix the increasing 

exhaustion by open subsets U^^+h a with compact closure Ug_^f^,i, 



Mg + h{Cg- d[Cg]) ^ {} U'g + n,d- (idO) 



1=1 



In our situation, ig will be the one corresponds to i{j,c)- The open sets U^+h d 
consist of ((S,j),0) such that the corresponding equivalence class [((S,j),0)] G 
Mg-\^h{Cg] d[Cg\) Is & finltc distance away from the singular strata of compactifica- 
iion Mg+h{Cg;d[Cg]). 

From now on, we will often denote by ((S, j), 0) also the corresponding equiva- 
lence class as long as it does not cause much confusion. 

Definition 10.5. We define 

J(GM) = { J e JL I The properties in Theorem O O hold for all ( j, 0; J, C) 

with gs < G, uj{d[C]) < K). (10.11) 

Obviously we have J^""^"^ = ^(G,K)m^J(G'^Ky Since J^"'^"^ is Baire in J^, so 
is each JJ^'k)- -^^ particular they are dense in J"^. However a priori they may not 
be open in J^. Similarly we define J^Q^y 

Definition 10.6. We say that an almost complex structure J ^ Juj is {G,K;L)- 
rigid if the following holds: 

f-i\ J ^ ^nodal 
[i-) J fc J(G,K) 

(2) for any element u £ 7W^g.'^)(J) := A^^c./f) ^ ^'\J) with C = Imu C M 
of genus g and its multiple covers u o (jj : 'S -^ M with branched covering 
4> ■ (S, j) -^ {C,i[j^c)) such that 

^{[u o 4>]) < K, .gs =g + h<G,,^e Ug^^,^^, (10.12) 

the normal linearization operator ^(j, 0; J, C) has trivial kernel. 
We say J is (G, A')-rigid, if it is (G, /-iT; L)-rigid for aU LeN. 
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We would like to remark that the choice of L depends on the moduli space 
Mg-^h{Cg]d[Cg\) aud so depends on 5, h, d. But when {G,K) is given, there are 
only finitely many such g, h and d to be considered and so we can make this choice 
of L all at once for the finite number of possibilities. In this regard, we should first 
fix {G,K) and then L afterwards. Our choice of the notation {G,K;L) instead of 
(G, k, L) reflects this fact. 

We denote by JIq]^.^) C J^ the set of (G, K\ i)-rigid almost complex structures 
and by JJq\\ the set of (G, ii')-rigid ones. By definition, we have 

00 

rrvigid ^~\ /jvigid 

"^{G^h) ~ I I ^{G,K-L)- 
L=l 

A priori JltTfl^) may not be open. However we will prove the following theorem in 
the next 3 sections. 

Theorem 10.7. For every {G,K\L), JJq^x-V) *'' o^jen and dense in JTL. 

Once we have proved this, the intersection 

^^ - II II ^{G,K;L) 

(G,A:)eN2L(EN 

will be the Baire subset of Jui such that for any J g J'J^*^"^, the required super- 
rigidity and finiteness results hold. This will finish the proof of Theorem 11.61 

11- ^(g'k;L) is open 
For each (G, K; L) e N^, we define 

M(G,K;L){J) = {((j' <f), u)\ue Ml^%{J), .9s ^g + h<G, 

We define 

We note that for any element uocj) e ■^'(G^KL)i'^)^ ^^ have degcj) = 1 and cannot 
have a critical point. Therefore is a biholomorphism. 

We start with the following lemma using Theorem 15.11 and the definition of 
(G,i^; i)-rigidity. 

Lemma 11.1. Suppose J € J^Ig'k)- Consider sequences et Ji ^ J in J^ and Ui : 

(Y,i,ji) — > (Af, Ji) of Ji-holomorphic curves in A^f^ x'lC'^')- Then there exists a sub- 
sequence of Ui that converges in G°° to u^o : S — > Af that has smooth domain (S, j) 
and is somewhere injective and also contained in A^^I?*^, ( J). Therefore -^fG^-il"^) 
is a compact zero dimensional manifold and in particular "^{M.'iQ^dJ)) < 00. 

Proof. Let Ui o i^j be a sequence that lies in M^Q^AJi) for each i. 

By the energy bound uj{[ui o 0j]) g K and (/S; < G, there exists a subsequence, 
again denoted by Ui o 0j, we may assume, by taking a subsequence, gci = g, 
f/Si = g + h, [ui] = P and deg (f>i = d > 1 for all i. We know (j)i is a biholomorphism 
and so after applying an automorphism of (S, ji), we may assume that ^i : S — > G 
is a fixed biholomorphism and so can be omitted for the discussion in this proof. 
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By Lemma 110.31 '^s have the derivative bound 

— < \du,{a)\ < K 

A 

and so Ui converges to a smooth map Uqo : Sqo — > M after choosing a subsequence. 
Due to the condition (|10.3p . Mqo cannot be multiply covered and so must be 
somewhere injectivc. Therefore it must be embedded and Fredholm regular because 
J e J(G°1?j C Jl^G^K)- And Uoo should satisfy Condition (4) of the definition of 
M?^\AJ) since the condition is closed in C°°. Therefore Uao lies in M?^\AJ). 
Then Fredholm regularity of Uoo of J implies 

Coker(D„9(,^,j)(7/oo))^ = Goker^{jooA\ J,Co.) = {0} 
where : S — ?> C is the above mentioned fixed biholomorphism. Then it follows 
Ker *(joo, (/>; J, Coo) = {0} by the fact that Index *(joo, <?i; J, Coo) = 0. (Recall the 
remark right after Definition 11.41 ) 

This implies that the image of the sequence Ui eventually stabilizes, i.e., Ci — 
Coo for all i > io for some io E N. For otherwise Theorem 15.11 would imply 
¥^CT'^(joo,4'oo', J,Coo) 7^ {0} which would gives rise to a contradiction. 

Altogether the chosen subsequence of Ui must converge in C°° to a smooth 
embedded curve which he in A^fg^^JJ). This finishes the proof. D 

Corollary 11.2. Let J e 'J(q'x)- Then there exists an open neighborhood V(J) of 
J in J^ such that for any J' G V(J), ■^'(g''k){J') ^-^ ^ compact zero dimensional 
manifold (and so is a finite set) and there is a canonical one-one correspondence 

and the image loci of the corresponding embedded curves remain disjoint. 

Proof. Combining Theorem 11.11 fJ-2] and Lemma Fll. 11 we derive that Mfa'^K^iJ) 
consists of a finite number of embedded curves which arc disjoint and Fredholm 
regular with index 0. Let {Ci,...,Cm} be the set of embedded J-holomorphic 
curves in MJ^^j^AJ). Since cmbcddedncss, disjointncss and Fredholm regularity 
all are open conditions, the corollary is an immediate consequence of the implicit 
function theorem. D 

Now we are ready to prove the main theorem in this section. 
Theorem 11.3. For any {G,K;L) E N"^, ^(gk-l) *'^ open in J^. 
Proof. Suppose J G J^Igk-l)' Consider an arbitrary sequence Ji — > J. Wc will 
prove that Ji e J^Ig\c-l) ^'^'' ^^^ sufficiently large i's, which will then prove that 
^(G,K;L) IS open. 

Suppose to the contrary that there exists a sequence of Ui e -^f™ i<')("^*) ^"^"^ 

{ji,4>i) G l^g+h,d such that Kcr '^{ji,cj)i; J, d) ^ {0} for all i's. By Lemma fl 1.1 1 u, 
has a convergent subsequence. Let Uoo be the limit of u,;. 

We first consider the case where the subsequence consists of embedded curves, 
i.e., deg0i = 1. By the proof of Lemma 111.11 any such sequence converging in 
stable map topology must converge to a somewhere injective (and so embedded) 
J-holomorphic map. Therefore the limit Uoo is an embedded J-holomorphic curve 
with gs^ < G and w([woo]) < K. Then (G, i^; L)-rigidity of J implies its normal 



40 YONG-GEUN OH 

linearization should have trivial kernel. Since the dimension of the kernel of the 
{Dud/jj\{u))-^ is upper semi-continuous in u and hence diTaKeT{Dudtj.j\{ui))'^ = 
for sufficiently large i. But we have Dy^d{^j.j-^{ui))^ = 'i>{ji,(l)i; J,Ci) by Propo- 
sition [^3] and so dimKer^(ji, (/),; J, Ci) = gives rise to a contradiction to the 
standing hypothesis. This proves that the normal linearization of Ui must have 
trivial kernel for sufficiently large i. 

Now we consider the case of multiple covers Ui o 0j i.e., with deg(f>i > 2. Since 
there are only finitely many /3's with a;(/3) < K and g + h < G, we may assume, by 
taking a subsequence, gci = g, ffS; = g + h, [ui] = /3 and Aeg(j)i = d > 2 for all i. 
By the above paragraph, some subsequence of Ui converges in G°° to an embedded 
curve u. Since 4>i S Ug+h^d-< it also converges to € l^g+h,d- This implies that 
Ui o (j)i converges in C°° to a smooth m o (/> g M(a,K:L){J)- 

By the (G, K; L)-rigidity, we have Ker ^(j, (f>; J, C) ~ {0} where C = Ini u. Again 
by the upper semi-continuity of the dimension of the kernel of the Ker(£)„i9(j j)(-) , 
we must have Ker(D„9(j- j)(uiO(/).j))-'- = Ker^(ji, 0^; J^, d) = {0} if i is sufficiently 
large. This proves that Ji is (G, if ; L)-rigid for sufficiently large i. 

Since this is true for any given sequence Ji — > J, we have proven openness of 
j"3^'^ in T D 

12. Deforming normal bundle via SJ to make it fat 

In this section, let J <S J^^™^ and let (J, C) and (G, K) be given. We consider 
the subset 

^(j,c)nv(J)cX. 

Motivated by Proposition 18.21 we need to consider evaluation of the one- form 

at a point a with (f>{(7) <5 G \ br{(j)). We define 

Hol°^^^,iC;d[C]) = {iij,(b),a) | (j, 0) e Holg+HiC;d[C]), a e 0-i(G\ 6r(<^))}. 

Similarly we define 

MO+^,i(G;d[G]) := i7o;°+,,i(G; d[G])/ ^ . 

It follows that HoP^i^ ^{C;d[C]) (respectively M°_^^ ^(G;(i[G])) is an open subset 
of Holg+h AC; d[C]) (respectively Mg+,.,i(G;d[G])). ' 
For given (J, G), we regard the assignment 

(j,0,j')^i?£|,,,c) 

as a section of the bundle of finite rank 

E->Hol°_,^AC-^d[C])xJ^j^c) 
whose fiber at (j, 0; J') is given by 

We consider contraction of Ri'J^.ji q) E^gf^inst the pair (ccr,Kcr) at a marked 
point cr, which we denote by the bundle map over 

%,0,<t;J',C)(Cct,K<t) = (c<T,i?(°'^|j,,c)('^)'*'^/ ' (12-1) 



EMBEDDED CURVES ON CALABI-YAU THREEFOLDS 



S ^c 

Here we denote by S{-) the corresponding unit sphere bundle of (•). 

Remark 12.1. Introduction of this kind of bundle of finite rank over the infinite 
dimensional base is somewhat reminiscent of similar bundles considered in [OZj . 
[03] in the study of higher jet transversality. We would like to emphasize the map 
-R(i,0;j',C;i) can be studied in the level of the bundle S'i(rS) © S^{A'-°''^^(j)*TC)) 
in terms of the fiber clement (cg-, k^) at each a, while the pairing 

involves the global section c, k. This local reduction is a crucial ingredient in the 
argument used in our proof of Proposition 112.21 

Proposition 12.2. For each given (j, 0, a) and non-zero pair 
the map 

J' ^ %.0.a;J',C)(c., I^a); Ji.lC) -> T;C (12.2) 

is transversal to ot'C ^s long as tr G E \ hr[(j)). 
Proof. We compute 

5.J' {iRu,4>,a:J',C))iCa,Ka)) 

which is nothing but 

{ca,6jR^^.'2j,^^^{a)K^). 

Then Proposition lQ . 1 1 is immediately translated into the transversality statement of 
the map pT^ . D 

The following theorem will play an important role in our proof of density of 

'-'{G,K;L)- 

Theorem 12.3. Let (J, C) and {j, (j>) be given as above. And let V(J) C JL be a 
neighborhood of J and let a compact subset B d T,\ br{(j)) be given. Then there 
exists J' e V(J) n J[jfi) such that 

C'x,<°:^!j.,c)M^-)^0 (12-3) 

for any non-zero pair {K^,Ca) G Ncla x A, ■'j,ii){4'* Afcla) o,t o,f^y (J E B. 
Proof. It is enough to consider k„, Ca with |Kcr| = 1 = \ca\- Denote by 
5(0*iVcU), 5(A(O'i)(0*7VcU)) - 52"-i 

the corresponding unit sphere bundles. 

For each given cr e S and (k^,c^) G S{(i)*Nc\a) x 5'(A("-i)(0*A^c|a)), we can 
choose an open subset 

N{k^,c^) C S{^*Nc) X 5(A(o^i)((/)*iVc))|B = U S{<tfNc) x 5(A(°'i)(0*TC)) 

creS 

and J' e V(J) n J{j.c) and its open neighborhood V" C V(J) n J(j,c) such that 
p2.3|) holds for all {k' ,c') G N{k„, Ca) and J" G V'. We now fix a countable dense 
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subset of {Ki,Ci) e S^{(l)*Nc) X S^ (A^^'^^if)* Nc))\b and apply the above procedure 
to each point starting from i = 1 and obtain a sequence of open subsets of the form 

iV(K„c,) c Si^Nc) X ^(A(O-i)(0*7Vc))|b 
and Ji+i e Vj' 

v; c v( J) n ^(j^c) 

and Vj'_|_]^ is and open neighborhood of J, such that 

(fT2:3| holds for iV(K,,cO and V,'. Since S'(0*iVc) x S{A^°'^\(j)* Nc))\b is compact 
there exists iVo G N such that 

Wo 

Then V^^^ C V(J) n J(j,c7) is nonempty open and (jl2.3p holds for all (k',c') € 
5(0*iVc)°x 5(A("'i)(riVc))|i3. 

By setting V' = V^^ and choosing a J' G V, we have finished the proof. D 

13. J[g^'^.l) is dense 

In this section we prove J(q](.]^\ is dense in J^. To prove this density, we need to 
prove that for any J € J^ and a neighborhood V{J) of J, there exists J' € •^(g^kl) 
and their neighborhoods V(J). Since J^Pq'^^I is dense in J'^, it will be enough to 
consider J's coming from JJq'^^I- 

Let J e JPg'k) ^^'^ ^ neighborhood V( J) C JL; of J be given. By shrinking V( J) 
if necessary, we may choose V(J) so that Corollarv 111.21 holds for all J' E V(J). 
Therefore we will study C^'s separately on the open subset V(J) fl J(j^Ci) oi the 
(Frechet) manifold J^(j^Ci)- (This is a place where we need to use the finiteness 
of #(-^fc'^.i)(>^))-) We will suppress the subindex i of Ci until the end of this 
section. 

Then we consider a smooth section 

(0, J') ^ *(i, 0; J', C); C°°(I], C) X V( J) n J-jj^c) ^ Fredc ■ 

We recall that the definition of the operator ^(j, (j); J, C) requires the presence of 
the embedded J-holomorphic curve C and so we need Corollarv II 1.21 to be able to 
localize the study of deformations of C and *(j, (/>; J, C). 

We will study the bundle Fredc -^ C°° (S, C) x J(j.c) and its subbundle Fredc^ — > 
C°°(E, C) X J{j,c)- At each given point (0; J') e Holg+h{C; d[C]) x J{^j,c), we need 
to study transversality of the map 

(V, J') ^ *(.7, o 0-; J', C); i?^//(S) X V( J) ^ Fredc 

against Fredc.fc in Fredc under the action by -0 e Diff{Y,). Here we denote 
k = dimKer\I'(j, 0; J,C). 

In general the dimensions of the kernel and of the cokernel may change as (</>, J') 
varies. But they are upper semi- continuous. By parallelly transporting the elements 
of 

Ker ^(j, 0; J, C) x Coker *(j, 0; J, C) 
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to each point in a small neighborhood 

u{(j)) X v'(j) c c°"{ii,c) X v(j)n j-(j,c), 

we define trivial bundles 

K, C ^U{(l)) X V'(J) 
whose fibers at ((/)'; J') are given by 

i^(0',j') =n^'(Kcr*(i,<^; J,C)), C(^,,j.) ^n^'lCokervI'O-,^; J,C)) (13.1) 

respectively, where 11^ is the parallel transport between 4>*Nc and {4)')*Nc along 
the short geodesies with respect to any given metric (e.g., the almost Kahler metric 
of (M, w, J)) from (j){a) to 4)'{cr) at each point cr G S. We would like to emphasize 
that the fiber is not chosen to be Kervl'(j, </>'; J', C) x Coker^(j, i/i'; J', C) whose 
rank may vary even in a small neighborhood of the given (i^, J) . 

Since the parallel transport depends only on (/I's, we have the identity 

and similar identity C(^^,ji) = C[^,j) holds for C. Denote by S{K) and S{C) the 
unit-sphere bundles of K and C respectively. 

We denote the pull-back of /C x C to Ui{4>) x V'( J) by the same notation K xC. 
Here Ui{(j)) is the preimage oiU{(j)) under the forgetful map 



We denote 



Fg + hA^-d[C])^Tg + h{C-d[C]). 



W'-'i^) = U{cf))nHolg+,,{C;d[C]) 



Ul°'^\4>) = Ui{4>)C^Holl+^,,{T.-d[C]). 

We fix a sequence of distinct points 

B = {a,]%, C S 

such that Uj — ^ cr oo as j — >■ cxd. We denote 

Bat = {cri,---crjv} C S, N>-L + l--No 

with t = 2{2d{g — 1) -I- 2(1 — .g — /i)). Recall r = — i is the number (counted with 
multiplicity) of branch points of e Holg^h{C; d[C]). 

Let cj) e Holg+h{C; d[C]) satisfy Bo = Bn„ C S\6r((/)) for /q = {1, • • • , iVo} C N. 
For any subset B' with |i?'| = Nq oi B with B' C S]\5r(0) we define an open subset 
of5(if(^,j))x5(C(^,j))by 

<:B' = {(C,A.)GX(0,J)XC(0,J)| 

31 < J < No,Kia,^) ^ ^ c(a,J, a,^ G B'}. (13.2) 
The following lemma is a useful lemma, which enables us to apply Theorem ll2.3l 

Lemma 13.1. Let {(/j; J) be given and let V(J) be an open neighborhood of J in 
Ju]- Let (k, c) G K(^^j) X C(^,j) be a non-zero pair. Then there exists a sufficiently 
large integer Ni{(f), J) > and a collection 

I = {ii,--- ,iNo} C N 
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with ijVo !i -^1 such that 

Bi = {a,, , • • • , a,„,., } C S^, C C \ br{4>) (13.3) 



and(«,c)eyi^;^)^. 



Proof. We recall by the unique continuation that the zero sets of k 7^ or c 7^ 
cannot have an accumulation point in S and so contain only a finite number of 
elements among the given sequence B. Therefore for any given (c, k) with k 7^ 0, 
c 7^ we can find a sufficiently large integer Ni = Ni{(j>, J; k, c) such that there are 
at least iVo elements /q = {a^i^ , ■ ■ ■ j '^in } ^^^ of B^^ and ai . such that 

(Tij e C \ 57'((?!)) for some 1 < j < A^o 

and 

This finishes the proof. D 

The following proposition is an important one 

Proposition 13.2. There exists J' £ V{J) D J(j,c) '^i^d, a nonempty open neigh- 
borhood V'( J; 0) C V( J) n Ju.c) of J' and an open neighborhood lA' {(j)) C lA{(j)) in 
C°°i^,C) of(j) e Holg+h{C;d[C]) such that 

(c><:;';,",c)(-)'^)^0 (13.4) 

for all (k,c) e A"(0',j") X C(^- „/-,), 0' G ^^'■''°'((/)) anrf J" G V'(J; </>). 

Proof. It is enough to consider the pairs (k,c) lying in the product 

5 {K^^j,)) X 5 (C(^,j,)) = 5 (A'(^,j)) X S (q^,j)) 

of L^-unit spheres. 

First we fix (/). Let (k,c) e S{K(^^^j)) x ^((^(^^j)). If (|13.4p already holds for 
((/), J), existence of such neighborhoods is an immediate consequence of continuity. 
Otherwise we apply Lemma [13. II to find a compact subset B E S \ 6r(^) such that 
there is an least one point a € B such that K{a) 7^ 7^ c(cr). Then we apply 
Theorem 112.31 to find J' so that (|12.3p holds at the point cr. Then by continuity 
p2.3p will continue to hold on an open neighborhood C/(cr) C S. Then again by 
continuity, we can find open neighborhoods 

A{k,c)cS{K^^j^)xS{C\^,j)) 

of (k,c) and V of J' such that (ITXil) holds for all (k',c') g A{k,c) and J" G V: 
We have only to choose Vg .J, for A{k,, c) provided in Lemma 113.11 and then by 
continuity we can choose an open neighborhood of J'. 

We now fix a countable dense subset of {K,i,Ci) e S{K(^^j^) x 5'(C(0.j)) and 
apply the arguments in the above paragraph and Lemma [13. II to each point (k^, Ci) 
with J, V(J) replaced by Ji, V[ starting from i = 1 and obtain a sequence of open 
subsets of the form 

A(k„ c) c 5(if(^,j)) X 5(C(^„j)), v; c V(J) n J(j,c) 

such that V'lj^i is a neighborhood of J^, 
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and ([TX4|) holds for all (k,c) e A(kj,c,;) and J' e V[. Since S{Ki^^^j)) x S'(C(0,j)) 
is compact there exists A'o G N such that 

[JA{K,,c,) = S{Ki^^^j))xS{C(^^j)). 
1=1 

Then VJvq C V(J) n J(j c) is nonempty open and ()13.4p holds for aU (k,c) € 
5(if(^,j)) X ^(C(^.,,)). 

Now we vary 0' in U^°^ {((>). Since (|12.3p (and so (|13.4p ) is an open condition in 
C°° and S{Nc), S{h.\:J^ANc)) are compact, we can find an open neighborhood 
W(0, J) C U{(t)) X (V( J) n J[,j,c)) on which (fTO]) continues to hold for (0', J') e 
W(0, J). Then by the local compactness Holg+h,i{C\d[C]) we can find an open 
subset V" C V( J) n J(j,c) a-nd an open neighborhood U'{4>) C Z//('/') of (/) such that 

U'{(l>) X V'c W(0,J) 

and hence (|13.4p holds thereon. By setting V'(J;0) = V, we have finished the 
proof. D 

By shrinking V'(J;0) and W{(j)) if necessary, we get the following as an easy 
corollary of the upper semi-continuity of the dimension of kernel. We would like 
to point out the difference between the content of Proposition ll3.2l and that of the 
following corollary: The product Kf^^iji-^ x Cf^^iji) in the above lemma, which is 
the parallel transport of ^(j, 0; J, C) x Coker'J'(j, </>; J, C) and so whose dimension 
is fixed, is replaced by Ker\I'(j, (/>'; J', C) x Coker^(j, (/>'; J', C), whose dimension 
may vary depending on (0', J'). 

Corollary 13.3. Let J' £ V'(J;0) andU'{(f>) be the ones chosen in Proposition 
\13.S\ for (j) g Holg+hiC;d[C]). Shrink U'{4>) if necessary. Then as a one-form on 

(c'<°iv',c)(-)'^>^0 (13.5) 

forall{K,c) eKcT^{j,(t)';J',C) x Coker*(j, 0'; J', C), 0' eU'{(j)). 

Proof. Suppose to the contrary that there exists a point 0^ — > and (Ki,Ci) € 
5(Ker*(j, 0,; J', C)) x S'(Coker*(j, 0^; J', C)) such that 



V'''^(j,</'>;./',C)(')'*7 ~ *^ 



for all i. By compactness of the set S{Ki^^ji-^) x S{C(^^ji)) and upper semi- 
continuity of kernel, we obtain a subsequence of {ni,Ci) converging to an element 

(koo,Coo) e S{K(^j,)) X ^((^(^^j/)) such that (coo, i^J'^'j, c')(')'^°o/ = ^ which 
contradicts to (|13.4p at ((/>', J') = (</>, J'). This finishes the proof. D 

In fact the proof of ProDOsition ll3 . 2l proves the following explicit rigidity criterion 
of a given {j,(j); J,C). It states that the curvature, or more precisely its (0,1)- 
component, of the normal bundle is 'fat' at an infinite number of points in E, then 
(j, (j); J, C) is rigid. 

Theorem 13.4. Suppose R,'Jj^Jdcr(t){-)) satisfies 

(c-<0!.;XC)(-)«-)^O (13.6) 
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for all {k„,c„) G S^{(j)*Nc\a) x S'i(A[°'^i^j(0*ArcU) for a subset B C S o/ infinite 
cardinality. Then 

KervI/(j,0;J,C) = {O}. 

Proof. By compactness of E, any infinite subset contains a convergent sequence in 
it. Denote this convergent sequence by B. Then the arguments used in the proof 
of Proposition 113.21 and Corollary 113.31 proves (|13.9|) holds for all non-zero pair 
(k,c) G Ker*(j,</); J,C) 7^ {0} x Coker*(j, 0; J, C) 7^ {0}. Therefore the orbit of 
Diff(E) of *(j, (/); J, C) in Frcdc is transversal to Fredc.fc by Proposition l8.2l But 
then CoroUarv 18.41 implies the theorem. D 



Combining the above discussion, Corollary 18.41 and 113.31 we obtain 

Proposition 13.5. There exists a nonempty Baire set V'{J;4>) C V(J) H J{j,c) 
such that 

KeT^iJ,q>;J,C)^{0} (13.7) 

for all (p G l^g-i-h,d foT some J' G V {(j)\ J). 

<-„fD „,+,„„ 1 „,„«„„„ -i-„i,i„j„„„ T,„„4- J, ^ " g^h 



Proof. As in the proof of Proposition ll3.2l we fix a countable dense subset 0^ G U 



and apply the above procedure to each point of 0^ G U„j^f^ and obtain a family of 
open subsets of the form 

U{4>i)-^ V(0,; J,), ^^ e Holg+h{C;d[C]) 

such that 

(C'<0';,7',C)(-)«)^O (13-8) 

for all 

{^',J')£K{(j),)xV{(j),;J,) 

with J, G J(™'^^j n J(j,c), V((/.,+i; J,+i) C V(J) n J^j^c) and 

V((/)j+i; Ji+i) C V{(j)i■,J^). 
Since W„+/i is compact there exists A^i G N such that 

Uw(0O3Z7^+,^rf. 

Therefore as a one-form on E 

(c,<°J;,^c)(•)«)^0 (13.9) 

for all 

((/), J') &Ug+h.d XV{(|)N^;JN^) 

with V((/)Ari; ^Wi) C V(J) n Ji^j.c)- Then CoroUarv 18.41 implies the proposition for 
V'(0; J) := V(0Arj; JatJ. This finishes the proof. D 

We would like to emphasize that the open set V may not contain the initially 
given J although we can find some Baire subset of the given neighborhood V( J) n 
J{N,C) of J in J(J.c)- This is the subtle point in finding a J' that provides the 
super-rigidity for the given curve C. 

Now we are ready to wrap up the proof of the following main theorem of this 
section. 
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Theorem 13.6. For any given J G J^^"'^"'' and a neighborhood V(J) in J,^, there 
exists J' G V(J) such that 

Kcr*(j>;J',C) = {0} 

for all (j, (p) € ^g+h d '"'*^'i g~^h < G, aj((i[C]) < K. In other words J' is (G, K; L)- 
rigid. Therefore J^(q]^.i^\ is dense in J^^. 

Proof. Since J € ■J(g'k)^ Lemma ni.ll implies that Mf^\.j^AJ) is compact and 
ah elements therein are Fredholm regular. Therefore A^fcK-D^"^) ^® '^ compact 
zero dimensional manifold and hence comes the finiteness of #(A^((5'k"L')("^))- 
Denote m ~ #(-^^0 a'liC'^))- Furthermore the images oi MT^^i^.j^AJ) arc dis- 
joint from one another by Theorem 11.21 Therefore when we apply the proofs 
and the semi-continuity arguments used in the previous section to each element 
C £ ■^'(G^K-L)i'^)^ ^^ '^^^ localize the perturbation obtained by Theorem ll3.6l near 
each Bci so that J' = J outside the union B = U™ jBci- This enables us to choose 
a single perturbation J' of J lying in 

v( J) n j^j^c) 

for which Proposition II 3 . 5 1 holds uniformly over all C E ^Ig^-l)^'^)- 

This finishes the proof. D 



We now take 

q-rigid _ Pi Pi ', 

'{G,K;L) 



rrrigid (~\ (~\ rrrigid 

Ju - II I I -'(C 



Since each J(q]^.]^\ is open and dense and N"^ are countable, J'^'^si-d, jg .^ Baire set 
ofX. 

Finally we prove the following corollary of Theorem 113.61 concerning the super- 
rigidity. 

Theorem 13.7. Let n — 3 and ci = and S is smooth. For J e J"^^'^ , any some- 
where injective J -holomorphic map u : (S,j) — )■ {M,J) is (embedded and) super- 
rigid. And for such J, there are only a finite number of elements in Ai't™^{M, J; j3) 
for all (g,/3). 

Proof. Let J e J"^'^'^ . Denote by C the image locus of u. Consider any holo- 
morphic map (/) : E — > C with gs ~ g + h and deg ^ = d for any g > 0, d > 1. 
Then the composition map u = uo cj) is a J- holomorphic map with genus g -\- h and 
uj{u) = d{u). We set G = g-\-h, K = d{u). Furthermore </> € l^g+h,d foi" some L g N. 
Then J e J[G,K;Ly ^Y the (G, K; i)-rigidity of J, we have Ker *(j, </>; J, G) = {0}. 
Therefore u is {d, h)-ngid. 

Since this is true for all d > 1 and h > 0, u is super-rigid. 

Then the finiteness of the number of elements in A^g™^(M, J; (3) follows by Corol- 
lary |TT2I and the Fredholm regularity of A^™'^(M, J; /3) as before. This finishes 
the proof. D 

An examination of the above proof shows that the following local perturbation 
result, which holds for any dimension, is the crucial ingredient in the proof of 
density result of '7[gkl) ^^'^ ^^ turn in the proofs of super-rigidity and finiteness 
results. 
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Theorem 13.8. Let C = Imuo for an embedded J -holomorphic curve uq : Sq — > M 
with ci(Af)([C]) — 0, and let V(J) be a given neighborhood of J in J^. Suppose 
that uq is Fredholm-regular. Then there exists J' G V( J) H Jufi) C is super-rigid 
with respect to J' . 

14. Embedded count and multiple cover contribution 

The finiteness theorem Theorem 113.71 allows us to define an integer counting of 
embedded J- holomorphic curves for J S jrigid_ ^^^^ ^^^^ recall 

L{J,C) := Dl'dAJ.C) : n\C;Nc) ^ ^^°-^\C-Nc) 

has the form L = d + (£'^7)'^°'^^ where (Ds7)'-°'^-' is a real operator in general. By 
considering the path from L to d defined by 

and the corresponding determinant bundle of d over the path we can associate a 
sign to each element C G 7W^"'''(M, J; fi). 

e(L,Jo)e{-l,+l} 
depending on the parity of eigenvalue crossing number. 
Definition 14.1 (Embedded count). For any J e J"^'^'^ ■, we define 

n%J)^ J2 eiLiJ,C)) (14.1) 

C6A4J,"^(7;/3) 

and call it the embedded counting of J-curves in class /3 and of genus g. 

At this point, we do not know whether this number depends on J or not. 
Question 14.2. Let Ji, J2 G Ji^'^id ^ Qq ^^ j^^ve 

n|(Ji) =n^(J2) 
or do we have the wall crossing phenomenon? 

This is a subject of future study, which we hope to come back elsewhere in the 
future. 

Next we examine contributions of multiple covers. We recall that M g+h{C] d[C]) 
is the Dclignc-Mumford stack |FPj . We point out that Theorem 1 1 3 . 71 implies that 

Cokcr*(-; J,C) ^ Mg+h{C;d[C]) 

defines a genuine real vector bundle over smooth moduli space Mg+t (C; d[C] ) C 
Mg+h{C]d[C]) with its rank the same as the dimension of Mg+h{C;d[C]). Af- 
ter a suitable stabilization of this bundle, if necessary, we can extend the bundle 
coker*(j, 0; J, C) -> Mg+h{C\ d[C]) to the fuU Tlg+hiC; d[C]) as a virtual obstruc- 
tion bundle of a Kuranishi neighborhood jFOj oi M.g+h {M, J; [3) at each stable map 
</) e Mg+h{C; d[C]) c MgMM, J; ^) (|EQ], [CT]). 

We denote the virtual Euler class of the bundle [FOUCT] by E{^{j, (j); J, C)) 
and its evaluation over the virtual fundamental cycle [Mg_(.^(C; dfC])]^""* by the 
rational number 



eg{h,d;iJ,C)):= _ E{^{--J,C)). (14.2) 

i[A/g+„(C;d[C])]-'-' 
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Then wc have the foUowing structure theorem of Gromov-Witten invariant Ni{M) 
defined by Ruan and Tian jRT) 



Theorem 14.3. Let J € J^'^id ^ p^^ ^^y p g H2{M, Z) and g e Z, we have 



NliM)^J2 E ( E e,_,(/j,d;(J,C))|. (f4.3) 

The above definition (|f4.2p of eg{h,d;{J,C)) is the real analog to the local 
Gromov-Witten invariants defined by Pandharipande [P] and Bryan-Pandharipande 

Cg{h,d;CcM)= [_ c{R\,(j)*{Nc)). 

i[A/<,+;,(C;d[C])]""-* 

Question 14.4. Suppose J € J"^^"^ n J(j.c)- Is the number eg{h,d; {J,C)) inde- 
pendent of (J, C) but does it depend only on g, h and d? 

It seems to the authors that this question is tied to Question lI4.2l and also related 
to the recent study of wall-crossing phenomenon of Donaldson-Thomas invariants 
[K3S], [KS] , 

The definition (|14.2p of eg{h,d;J,C) is the real analog to the local Gromov- 
Witten invariants defined by Pandharipande |P] and Bryan-Pandharipande |BP1| 

Cg{h,d;Cc M) = /_ c{R^TT^(l)*{Nc)). 

Under the assumption H'^{I],(p*Nc) = 0, this local contribution Cg{h,d;C C M) 
becomes 

Cg{h,d;CcM):^ [_ c{~ Rtt, f* {Nc)) (14.4) 

where -RTT^,f*{Nc) is a iiT-theory element of Mg+h{C; d[C]) 

A priori Cg-h{h, d;C C M) depends on the embedding C C Af or on the normal 
bundle Nq- Bryan and Pandharipande jBPlj however showed that Nc can be 
deformed to Oc ffi wc where wc is the canonical bundle of C. They denote the 
idealized local contribution by 

Cg{h,d)^ [_ c{-R7rJ*{O®L0c)) 

JlMg+hiC,d[C]) 

which depends only on g, d and h. It would be interesting to see what the relation- 
ship between eg{h, d; J, C) and Cg{h, d;Cc M) in general. 
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